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PREFACE 



It is now twenty years since the Authors of National 
Certificate Mathematics set out " to provide a systematic 
and progessive text-book in Mathematics for students 
taking mechanical or electrical engineering courses". 
At that time National Certilicates, though still a year or 
two short of their majority, were well established, and the 
success of the early schemes had made it clear that prepara- 
tion for these certilicates would be the central activity of 
the system of part-time trel'niral ni dation favoured in 
this country the system of opportunity. 

Since the first publication of this work there have been 
a world war and many years of troubled peace. The total 
of National Certificate students has increased twenty-fold. 
Part-time day students now outnumber evening students 
as greatly as once they were outnumbered. But the 
three volumes of National Certificate Mathematics still 
succeed in fulfilling the Authors' original purpose : to meet 
the immediate practical needs of the first-year no less than 
of the third-year technical student while providing at all 
stages a sound basis for more advanced studies. 

Why, then, a new edition? Simply because advances in 
technology have been reflected in changes in courses. 
National Certificates themselves are responsible for a whole 
literature of new applications of age-old truths. The day- 
to-day experience of the typical student has changed. 
Because of this it has seemed desirable to introduce, here 
and there in the text, but more especially by way of 
exercises, matter taken from current National Certificate 

I wish to renew the acknowledgments made in the first 
edition to a number of examining bodies which now includes, 
as well as the City & Guilds of London Institute, the Union 
of Lancashire and Cheshire Institutes, the Union of Educa- 



tional Institutions, the Northern Counties Technical 
Examinations Council, and the East Midland Educational 
Union, for permission to print questions which have been 
t edition c — A — - 



also, by kind permission of many Principals of Colleges, and 
Chief Officers of Education Authorities, a large number of 
examples taken from the internal sessional examinations of 
courses approved for the award of National Certificates. 
This generous co-operation is higlily appreciated and the 
place of origin is given at the end of each question quoted. 
Such miscellaneous exercises occasionally anticipate the 
work of later chapters. This is not altogether accidental: 
these exercises test the alertness of the student and may 
provide an experimental introduction to studies which 



W. E. Fisher. 
Editor, Higher Technical Series 



GENERAL EDITOR'S FOREWORD 
The Technical College Series today includes many 
books which are outstanding in their particular fields, and 
it is the aim of the publisher to maintain and develop the 
worthy tradition of the series while meeting in full the in- 
creasing needs of technical and scientific education. 

An outstanding contribution of the technical colleges to 
education has been the system of National Certificates under 
which the Ministry of Education and the colleges work in 
- tutions. This 

began with National Certificates in Mechanical Engineering 
under the aegis of the Institution of Mechanical Engineers. 
The system has now progressed until the schemes cover 
practically the whole field of higher technology and applied 
mechanics. In addition to the Institutions of Civil, 
Mechanical and Electrical Engineers, the Royal Institute 
of Chemistry, the Institute of Physics, and the Institution 
of Metallurgists are all associated with National Certificate 
Schemes. There are also National Certificates in Building 
and in Commerce, associated with groups of professional 
institutions. Though the pattern of National Certificates 
i s originally dictated by the needs and limitations 
of the evening student, the system of endorsements ob- 

that these courses have been extended to meet the full 
requirements of practice in the subjects with which they 
deal. During recent years the system of part-time day 
release of apprentices and learners has become common in 
all branches of industry as wall as in the public services, and 
now the development of sandwich courses leading to the 
Diploma in Technology and to the Higher National Diploma 
is proceeding rapidly. 

This has effected something like a revolution in technical 
education ; more time is available for a broader study of the 



subjects than was ever possible when almost all technical 
college students were restricted to evening classes. During 
the last few years the major professional institutions have 
taken advantage of those charges and raised their academic 
standards. A much more fundamental knowledge of the 
elementary parts of the subject"; is now expected. The 
books included in the Scries will be planned to reflect these 
changes and to provide the part-time and full-time student, 
working in technical colleges, with text-books designed as 
an essential aid to the teaching he receives. At the same 
time these books will form the nucleus of the student's 
working library which he will require throughout his career. 

The increase of day release has also been extended to those 
apprentices whose academic standard is not sufficiently high 
to enable them to tackle National Certificate courses, and 
there are a number of books in the Series directed specifically 
towards the wide variety of City and Guild examinations 
available for craft apprentices. 
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REVISION EXERCISES IN ARITHMETIC* 
Section A. Percentages 

1. Find the values of 

(1) 2-5% of 64. (3) 22-8% of 16-2. 

(2) 18% of 1160. (4) 8-5% of £1 10s. 

2. Express the following fractions as percentages (to two 
places of decimals where necessary) : 

(1) tV (3) tV 

<*> ¥ < 4 ) w- 

3. Find what percentage (to two places of decimals 
where necessary) : 

(1) 17 is of 40. (3) 16-5 is of 45-8. 

(2) 9-5 is of 128. (4) £2 15s. is of £5 10s. 

4. (1) If 8% of a number is 28-5, what is the number? 
(2) If 6-5% of a weight is 9-75 gm, what is the weight? 

5. From a coil of wire 110 ft long, it is required to cut off 
22|%. What length is this, to the nearest foot? 

6. If bronze contains 94-5% of copper, what weight of 
copper will be required for 5 cwt of bronze? 

7. Cordite contains 65% of gun-cotton, 30% of nitro- 
glycerine and 5% of mineral jelly. What weight of each is 
there in 58 lb of cordite? 



8. In a testing machine a wire 84 in. long was extended by 
6-58 in. before it broke. What percentage of its original 
length was this? 

9. The efficiency of a certain joint is given by the fraction 

What percentage is this? 

10. The efficiency of a certain screw is given by 

Whatpercentageisthis? 

11. A number increased by 15% of itself amounts to 
713. What is the number? 

12. To a certain weight of tobacco, 8% of its own weight 
of water is added. If the weight is then 40-5 lb, what was 
the original weight ? 

13. The workers in a factory are 235 men, 171 women 
and 29 young persons. State these as percentages of the 
whole number of workers. 

14. A lump of alloy contains 3-41 lb of copper, 0-97 lb 
of zinc, 0-31 lb of lead and 0-26 lb of other material. What 
are the percentages of copper, zinc and lead in the alloy? 

Sfxtion B. Ratio 

1 . Find, in the simplest fractional form, the ratios of — 

(1) 17s. U. to £5. 

(2) An inch to a centimetre (1 metre = 39-4 in.). 

(3) One mile per hour to 1 ft per sec. 

(4) 1 pound to 1 kilogram (1 kg = 2-2 lb). 

2. Express the following ratios as decimals: 

(1 ) 4s. U . : 3s. 9i. (3) 5s. U. per lb : per oz . 

(2) 5 lb: 150 oz. (4) 1-5: 2-45. 

3. A hundredweight of bronze contains 97-28 lb of copper 
and 4-72 lb of tin. Find the ratio, in decimal form, of the 
copper to the tin. 



4. The mechanical advantage of a machine is the ratio 
of the resistance to the effort. Find the mechanical ad- 
vantage when an effort of 96 Ib just overcomes a resistance 
of 1450 lb. 

5. Which'is the greatest ami which the least of the 
following ratios : 

5:16; 7:32; 25:81? 

6. The sides of a triangle are in the ratio of 3 : 4 : 5. The 
longest side is 6-5 in. Find the other sides. 

7. In a certain alloy 68% is copper, 19-8% is zinc and the 
rest is other metal. Find the ratio of the copper to the zinc. 

8. A line 7-2 in. long is decreased in the ratio 2-5 : 1-5. 
What is its new length? 

9. Two pieces of bar iron have cross-sections 2-5 in. 
square and 5-5 in. by 1-2 in. Find the ratio of their 

; ei ft run. 

Section C. Proportion 

1. If the following numbers are in proportion, find x in 

each case: 

(1) x : 15 = 40 : 7. (3) 18-5 : * = 6-8 : 14-3. 

(2) 6 : 27 = 30 : X. (4) x : 80 = 55 : 64. 

2. If the carriage of 48 tons of coal costs £15, what should 
be the cost of carrying 72 tons at the same rate? 

3. A plank of wood 18 ft long costs 12s. 1\d. Find the 
cost of two planks, each 15 ft long, at the same rate. 

4. The cost of a casting weighing U cwt is £4 19s. 
What would be the cost of a casting weighing 7£ cwt at the 
same rate? 

5. Find x in the following cases : 

(1) S : #= * : 80. (2) 3 : x = * : 147. 

6. Find a mean proportional between 1-5 and 13-5. 
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7. If a motor consumes 1| gal of petrol on a run of 24 
miles, how much will it consume on a run of 100 miles under 
similar conditions? 

8. For 50 yd of wire netting I had to pay 10s. 5d. What 
should I pay for 130 yd at the same rate? 

9. A photograph, 1\ in. by 6| in., is to be enlarged. If 
in the enlargement the longer side is to be 18 in., what will 
be the length of the smaller side? 

Section D. Approximations 
1. It frequently happens that when we are using a number 
consisting of several figures we do not require to state all 
the figures: it is sufficient for our purpose to neglect some 
of the less important, and so use what we call an " approxi- 
mate number." Thus if a man bought a house for £2522, he 
might speak of it as costing him about £2500. This omission 
of figures and replacing them by zero is a frequent thing in 
daily life. The same process is employed in mathematics, 
but with more precision and under certain rules. 

Do not think of an approximate number as embodying 
a rough value. The word literally means a value very close 
to the correct one. 

Frequently a statement is made more correct by omitting 
superfluous figures. For example, 1 metre is equal to 
39-37 in. Multiplication gives the result that 75 metres is 
equal to 2952-75 in. But the arithmetic which gave us 
six figures instead of four has added no corresponding 
accuracy. The six-figure result is actually misleading. 
The best answer is "2953 in. correct to four figures." See 
below. 

2. Significant Figures 

In the example of the house the two figures which we 

in— _ t i -, Ur I 

consider a more difficult example. In 1951 the popula- 



tion of Great Britain was estimated to be 48,871,339. If 
we wished to state merely the number of millions — i.e. use 
two significant figures — it would be more correct to say the 
population was 49 millions rather than 48 millions, since 
the actual population is nearer 49 than 48 millions. Accord- 
ingly if we write the number down as approximately 
49,000,000, the number is said to be correct to two significant 
figures. Similarly if the number were required correct 
to three significant figures — i.e. to the nearest hundred 
thousand— we should write it down as 48,900,000. 
The general rule which we use is as follows : 
Wl:eu a number is .V be t.bisiued eerreet re a required number 
si^nificar.l figures, tbeu if the firs! > ' ,u I hi are 
discarded is five or greater, the previous figure is increased by 

In the case of a decimal fraction — i.e. a decimal which 
I not follow- i integer such a< it i mi i rule i I 

i ot a zero is the 

i ant figure. 

Thus the number 0-05904 contains four significant 
figures, which are shown in heavier type. It should be 
noted that if this number were required correct to three 
significant figures, or four decimal places, it must be written 
as 0-0590. The zero after the 9 must be retained as being 
a significant figure. To omit it would mean that we should 
have no information whatever concerning the fourth place 
of decimals. 

3. Accuracy, of Answer 

If an answer is required correct to a specified number of 
significant figures, it will always be necessary that the final 
result of the operations shall contain at least one more 
figure than is required in order that a correct approximation 
may be made. 



4. Errors Due to Approximation 

When the numbers which are employed in arithmetical 
operations are exact numbers, it is usually easy to obtain an 
answer to anj- required degree of accuracy. But when the 
numbers which we use are themselves approximated, errors 
must arise from the use of them. Consequently the degree 
of accuracy which we can reach in the final result is limited, 
and as a rule must be carefully ascertained. 

Thus if we are using the number 3-14, knowing that it is 
correct to three significant figures, then, by the rules of 
approximation given above, we know that the correct 

1 " I iii ' 

quently the error in the number may be as much as 0-005. 

Similar errors occur in cases of measurement. No 
measurement can be made with absolute accuracy, but 
we can usually determine the limits between which the 
accurate results lie. Thus if we measure the length of a 
line correct to the nearest tenth of an inch and give it as 
15-7 in. approximately — i.e. three significant figures — 
then we mean that the true length of the line is greater than 
15-65 in., and less than 15-75 in., and consequently the 
maximum error in the given length is 0-05 in. 

When numbers which are approximately correct are 
I'mplovcd in <. .lirrli.tions, i onvM:- which <h---v i " 
clearly affect the final results. Thus if the approximate 
number 3-14, mentioned above, is multiplied by 9, we get 

3-14 X 9 = 28-26 

but since the number lies between 3-135 and 3-145, then the 
product lies between 

3-135 X 9 = 28-215 
and 3-145 X 9 = 28-305. 



It is clear that we cannot tell whether the first decimal 
place is 2 or 3. Consequently the number of significant 



figures which we can obtain accurately is only two, or the 
product will be 28 to two significant figures. 

It will be seen that we cannot end a set of operations with 
a greater number of significant figures than are contained 
in approximated numbers which we have employed. The 
rule may be stated thus : 

If we operate with several approximated numbers, the 
number of sk hi 

■lie final result ;.'tS lieneral he Jess ii'e'i ike least i i ' i of 

> , i h , ■ , ' V 7 



5. Percentage Error 

In estimating the effect of an error in measurements or 
approximate calculations, we must have regard not only to 
the actual error itself, but also to its relation to the true 

Thus if the length of a line be given as 2-6 in., correct to 
the nearest tenth of an inch, then the maximum error is 
0-05 in. or fa in. The ratio of this to the estimated length 
is 0-05 : 2-6 or 1 : 52. This expressed as a percentage is 
about 2%. We say that the percentage error is 2%. 

Again, if the length of a road is given as 252 miles, correct 
to the nearest mile, then the maximum error is J mile. The 
ratio of this to the estimated length is J : 252 or 1 : 504. 
This is roughly 0-2%. 

The terms employed may be defined as follows : 

The absolute error is the difference between the true 
value and the approximate value. The true value is 
often not obtainable, but we can usually determine 
maximum and minimum values between which it lies. 

The relative error is the ratio of the absolute error to 
the true value. 

The percentage error is the relative error expressed 
as a percentage. 



It frequently happens — as, for example, in most measure- 
ments — that the true value is not known. In such cases the 
error may be expressed as a percentage of the estimated 
value. Similarly for the relative error. For most practical 
purposes this is sufficiently accurate. 

Example. If the. value of g is 32-191 and . 
approximately as 32, what is the percentage error in so doing? 

Absolute error = 0-191 
0-191 

Relative error = 

0-191 X 100 

Percentage error = — 32-191 — 



1. Write down the following numbers: 

(1) 18-71604 correct to (a) four, (b) six significant 

(2) 0-0072038 correct (a) to six decimal places, 

(b) to three significant figures. 

2. The total imports of the United Kingdom for 1955 
were /3866.1 21,005. Express this correct to (1) the nearest 
£10,000,000; (2) the nearest £100,000; (3) the nearest 
£1000. 

3. Express 39-9984 correct to (a) five, (6) four, (c) two 
significant figures. 

4. In the following numbers the last figure is approxi- 
mately correct. State the maximum error in each case: 



(a) 3-142. 
(6) 2-2 lb. 
(c) 5-126 ft. 



(d) 39-37 in. 

(e) 189-4 miles. 



CH. 1] REVISION EXERCISES 

5. Give suitable approximations to the results of the 
following : 

(1) 159-4 X 0-0037. (4) (12-05) a X 0-052. 

4-192 X 8-713 

(2) 18-632 X 0-0469. (0) ^ 

(3) (0-598) 2 -v- 0-082. (6) 0-00512 4- 0-826. 

6. The sides of a rectangle were measured as 11-3 in. and 
8-4 in. to the nearest tenth of an inch. What is the 
greatest possible error in the perimeter? Between what 
limits will the perimeter lie? 

7. The following occurred in some computations: 

(1-7168 X 3) + (0-9395 X 6) - (1-9138 X |) 

If the decimals are correct to four significant figures, what 
is the greatest possible error in the result? 

8. A rectangular piece of metal is measured by means of 
a steel rule graduated in tenths and fiftieths of an inch; 
and its size is written down as — 



Calculate its volume and justify the number of significant 
figures you include in your answer. 

9. it is 3-14159. To how many significant figures is the 
approximate value *, a correct? 

10. If V2 = 1-414 and V3 = 1-732, each correct to four 
significant figures, find the following correct to as many 
significant figures as the data allow: 

(1) V2 X 12. (3) V3_X V2. 

(2) V3 X 21. (4) 5V3 + 2V2. 

11. A length whose correct value was 5-37 in. was 
expressed as 5-4 in. What was the percentage error? 



Section E. Square Root 
Find the values of the following: 
1. (1) Vll 2 X 2 2 ~> 



(2) V121 x 64 x 25. 



3. Find the square roots of — 



(2) 18225. 
:s of the following t 



5. Find the square roots, to four places of decimals, of — 

(1) 0-913. (4) 0-4. 

(2) 0-51647. (5) 0-09164. 

(3) 0-056137. 

6. Find V2 to four places of decimals and use it to find 
the value of 10 three places of decimals. 

7. Find the values, to three places of decimals, of — 
(2) VlO-8 2 + 14-4 2 . 



(1) V3-3 : 
i. Find the va 



thri 



(1) V15-6 2 - 10* 



places of decimals, of — 
(2) V9-3 2 - 4-7 2 . 



9. If / = \p + Vip 2 + q 2 , find / when p = 6-0 a 
q = 5-2. 

10. In the formula » 2 = « 2 + 252 find v when u = li 



23 



A number such as VI, which cannot be expressed by an 
exact decimal, no matter to how many places we may work 
it out, is called an irrational number. If it is required to 

i ^ ) i a i the working wxnik: Uj i 
This division may often be avoided by the method shown 
in the following example. 

Example. Find the value of ~- 

If the numerator and denominator of be multi- 



= 1-342 to three places. 
This process is called rationalising the denominator. 
Find the values, to three places of decimals, of — 



13. (1) ^j. w ^- w j^j. 



V2 + V3 



18. If the diagonal of a square is equal to the length of 
the side multiplied by V2, find the side of the square when 
the diagonal is 8 in. 



Miscellaneous Exercises 

1. The weights of equal volumes of sea- water and fresh 
water are in the ratio 65 : 64. 

(a) By how many per cent is sea-water heavier than fresli 
water? 

(b) What volume in gallons will 1 ton of sea-water 
occupy? 

(1 cu ft of fresh water weighs 62-5 lb and occupies 6J gal.) 

(Handsworth.) 

2. A specimen of alloy contains 3-41 lb copper, 0-97 lb 
zinc, 0-31 lb lead and 0-25 lb other material. What are 
the percentages of copper, zinc, and lead, in the alloy? 

(Handsworth.) 

3. (i) Find the average size of a farm in England and 
Wales, given — 

Average size in acres 30 70 200 500 

Number of hundreds of farms 1610 614 660 116 

(ii) The pressure on a containing wall is T275 tons per 
sq ft ; express this in lb per sq in. to three figures. 

(Sunderland.) 

4. Distinguish between " three significant figures " and 
" three decimal places." 

5. A cyclist rides 35 miles at 10 m.p.h. and a further 
30 miles at 12 m.p.h. Find the total time his journey 
takes, and his average speed for the journey. 

(Sunderland.) 

6. On a diagram drawn to a scale of \ in. = 1 ft a 
rectangle has an area of 12 sq in. What true area does 
this represent? (W.R. Yorks.) 



CH. 1] REV!! 

7. A solution contains 17J% of light oil by volume. 
What volume of solution contains 3 cu ft of light oil? 

(W.R. Yorks.) 

8. (a) Convert 43-5 litres into cu in. given that 1 in. = 
2-54 cm. 

(V) Two m*en invest £5500 and £11,500 respectively in a 
business, and at the end of the first year a profit of 11-5% 
is shown. Find what each man will receive in dividends 
after £1000 has been put aside to cover further capital 
outlay. (E.M.E.U.) 

9. Evaluate correct to three significant figures: 

(a) r s h - RVi, where R = 3-152, r = 7-595, 
h = 14-7. 
(471-4)' X 21-7 . 
w (143-9) 3 X 1-053 

U£i + m + ik- (E.M.E.U.) 

10. Find the true length of a line if an error of +1-05% 
was made in measuring it as 179-2 in. (E.M.E.U.) 

11. («) Convert 5-3 km into miles given that 39-37 in. 
are equivalent to 1 metre. 

(6) The scale of a map is 1 : 100,000 and on it two towns 
are 2-24 in. apart. What is the actual mileage (to the 
nearest furlong) between the towns? 

(c) 1 lb = 453-6 gm. What is the percentage error in 
assuming 1 lb is only 450 gm? (E.M.E.U.) 

12. (a) An overhead shaft revolves at 180 r.p.m. A 
machine belt-driven off this shaft and having a pulley 7 in. 
diameter is required to be driven at 375 r.p.m. Find the 
diameter of overhead pulley required. 

(b) If, in the above case, a driving pulley 18 in. diameter 
is fitted on the shaft, and a cone of pulleys, 5 in., 6| in. and 
8 in. is fitted on the machine, what range of speeds will 
this give? (Worcester.) 



13. A bronze bearing consists of 74% copper, 19% lead 
and the rest tin. Find the weight of each metal if the 
bearing weighs 120 lb. (Sunderland.) 

14. The lengths of six rods are 115-8, 116-1, 117-5, 115-9, 
116-2 and 116-3 cm. If the length of a rod differs from the 
average of the six rods by more than 0-82 cm, that rod is to 
be rejected. Will any of the six be rejected? 

(Sunderland.) 

15. A motorist sets out from a place A at 1.00 p.m. to 
reach a place 40 miles away for a meeting at 2.15 p.m.: 
he intends to do the journey at a constant speed. At 
1.45 p.m., however, he is held up for 10 min, and then 
increases his steady speed to arrive in time for the meeting. 
Plot a graph of distance (vertical) against time (horizontal) 
for the actual journey, and find his average speed for the 
journey and his actual speed over the last stage of the 
journey. (Sunderland.) 

16. A man whose stride was 3 ft 1£ in. assumed it to be 
1 yd. What percentage error did he make when measuring 
a cricket pitch by striding out the distance (22 paces)? 

(W.R. Yorks.) 

17. Find the diameter 

motive if the wheel makes 336 revolutions in 1 mile. 

(Shrewsbury.) 

18. («) A motor-car manufacturer exports on the average 
540 cars per month during the first five months of the year, 
and 690 cars per month during the last seven months of the 
year. Find his average monthly export throughout the 

(b) When buying an article by hire-purchase it is 
necessary to pay cash for 15% of the purchase price. For 
the remainder 8% is added for interest, and the resultant 
amount is payable in 18 equal monthly instalments. 
Find the initial cash payment and the monthly pay- 
ments on an article whose purchase price is £160. 

(S.W. Essex.) 
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19. (a) A motor race was run on a circuit which measured 
7f miles. The winner's average speed for the whole race 
of 34 laps was 84-7 m.p.h. His average speed over the 
first 25 laps was 86-9 m.p.h. Find his average speed over 
the last nine laps. 

(b) A certain alloy is made of three metals, A, B and C, 
in the proportion by weight of 3:5:11. A casting 
contains 17 lb of metal A. Find its total weight. 

(S.W. Essex.) 

20. (a) A car uses 3| gal of petrol in 75 miles. How far 
will it go on 8 gal? How many gallons are needed for 250 

(b) A train travels at 40 m.p.h. How long will it take to 
go 7040 yd? 

(c) The height of a mountain is given as 3500 metres. If 
a metre equals 39-37 in. find the height of the mountain in 
feet. (Worcester.) 

: 1 1 nuking 4- J > it a a i v 1 1 n piece- 

work earns 5% more than if he were paid at daywork rate. 
(a) How many articles must he make to increase this to 
71% ? (6) What would he be paid per 100 if the articles 
are to be sold at £3 2s. 6d. per 100, the total overhead 
charges being 150%, and the profit 25% on the total manu- 
facturing cost? (Worcester.) 



MEASUREMENT OF AREA 



1. Units of Area 

The units employed in the measurement of area are 
derived from those used in the measurement of length. 

The area unit is a square whose side is a unit of length. 

Thus a square inch is a square each of whose sides is an 
inch in length. In larger measurements we use a square 
foot, a square yard or a square mile. 

In the metric system we may similarly have a square 
centimetre or a square metre or a square kilometre. 

2. Area of a Rectangle 

Consider the rectangle ABCD (Fig. 1), in which AB 
represents on a selected scale 4 in. and CB 3 in. These 
sides are subdivided into equal parts, each 1 in. long, 
and lines are drawn parallel to the opposite sides of the 
rectangle, thus forming 12 squares, each of which has an 

It will be seen that there are 4 squares in each row, and 
3 of these rows. Consequently the total number of square 
inches in the rectangle is (4 x 3), or 12. Or the area of the 
rectangle is 12 sq in. 

Without actually drawing another figure, it may easily be 
seen that if the length had been 6 in. and the other side 
5 in., we should then have 5 rows with 6 squares in a row. 

Thus the area would be (5 X 6) sq in. or 30 sq in. 

Treating this more generally, 
Let DC contain I units of length, 
„ DA „ b units of length. 
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e / squares in each of the b r( 
, (I X b) squares in all, 



Hence if A represents the area, we may write the above 
result in the form — 

A = I X b 

If, as is usual, we omit the multiplication sign— 
A = lb 

3. Area of a Square 

If in a rectangle the length and breadth are equal, i.e. 
with the notation employed above I = b, 
then we have 



rite it 

A = b" 



4. Given the Area, to Find a Side 

If the area of a rectangle is known to be 20 sq in. and 
one side 5 in., then it is clear from the previous working 
HMi l'ir of! .-r si lie ry,r. br <.b~,VM0<'- by r';.; .■!,.'.' !>■, 

the given side, or unknown side is t = * in. 

Using the result obtained in § 2, we may write— 

and similarly I = t 

5. Area of a Triangle 

To find the area of the triangle ABC with side BC as a 

E _.A_._._ D 



Construct the rectangle EBCD so that ED drawn parallel 
to BC passes through A. 

Let AF be the perpendicular from A to the side BC. 
Then area of A ABF = -J area of rect. EBFA, 
area of A ACF = \ area of rect. AFCD, 
.'. Area of A ABC = \ area of rect. EBCD. 
Let BC be b units in length, 

„ AF or CD be h units in length. 
Then by previous rule — 

Area of rect. EBCD = b X h units of area, 
.-. Area of triangle ABC = \bh „ „ 



If A represents the area of the triangle, then 




Example 1. : A rectangle is divided into two parts as shown 
n Fig. 3, by di i to two sides. 

Let the lengths of the two parts be a and b, 
other side be x. 

To find an expression for the total area of the rectangle. 




First Method. 

Considering the areas of the two rectangles separately, 
these are xa and xb square units respectively. 

.-. If A be the total area of the rectangle 

A .!•« xb 

Second Method. 

The length of the divided side is a + b units. 

■ lii'.iM iplicfl hy 
This is not a convenient form. Accordingly we put a 



bracket round a + b to show it is to be regarded as one 
quantity, and so write the formula 

A = x x (a + b) 
or, omitting the multiplication sign, as previously: 
A = x(a + b) 
Since the results obtained by the two methods must be 

x(a + b) = xa + xb 
This is a result of great importance and will be treated more 
fully in a later chapter. 

6. Formula 

Such an expression as that which we obtained for the 
area of a rectangle, viz. A = lb, is termed a formula. Other 
examples of formulae appear on pp. 115-119. 

Evaluation of Formulas 

The student will find that formulae play a very important 
part in mathematics, as by them it is possible to give a 
concise, accurate and generalised statement of laws of 
mathematics or physics. 

Example. Use the formula 

L = 2{x + a + b) 
i i hen x =10, a = 9-5 and b = 4-7. 
Substituting these values in the formula, we have — 
L = 2(10 + 9-5 + 4-7) 
= 2 X 24-2 
= 48-4 

If x, a and b are numbers of (say) inches, L will also be a 
number of inches. 



7. Area of a Trapezium 

ABCD is a trapezium having AB parallel to DC. 
Draw BF perpendicular to DC and DE perpendicular to 
BA produced. , 

Let AB = a units of length, 
DC = b units of length, 
andDE = BF = h units of length. 

Then: 

Area of A DBC with base b = ^ or h X | units of area 

i 1 i s th used. 

Area of A ABD with base a = a ~- or h X | units of area. 



E A ; a » B 




Since h is a multiplier of both and we < 
n of the above expressions in the form 



a of the trapezium be A ui 
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Now, a -^- is the average of a and b. We can therefore 
state the rule for finding the area of a trapezium as follows: 
" Multiply the average length of the parallel sides by the 
perpendicular distance between them." 

g Fig. 5 provides another example of 

a trapezium in which AD and BC are 
parallel and the angles at D and C are 
right angles. 

The line EF joins the mid-points 
of AB and DC and is parallel to BC 
and AD. 

Draw HK through E and parallel 
to DC. 

Then EF = HD = KC = ^±i. the 
average height of the trapezium. 
t nr K 0 k units of length. 

of AHAE = area of 



ABEK, 
-a ol trapezium ADCB 



:a of trapezium = (—J-^ 11 as before - 

"Hi in. and 
ml tht other. 

■(•+•> 



Example. 1 in ai a , ^ ■ '< 1 

of the parallel sides -is i:Hi in. and the perpciv.hcinn, xistcmc 
h r ,i the other. 



8. Area of a Parallelogram 

Let ABCD be a parallelogram. 

Construct on BC as base a rectangle ECBF, so that CE 
and BF are perpendicular respectively to AD and DA 
produced. 

Let BC = a units of length, and BF = CE = h units of 

length. 

As in tiie previous case, the area of the rectangle 
BCEF = ah square units. 

in geometry we can prove . ATiF = A ECD 
.". Area of parallelogram = Area of rectangle 

= ah 

But a = length of one side BC 

and h = perpendicular between the opposite sides BC 
and AD. 



F A E D 




Hence — Area of a parallelogram is equal to the product of 
one of its sides and a perpendicular drawn to it from the 
opposite side. 

9. Mid-Ordinate Rule 

The method of finding the area of a trapezium by con- 
■.-.veene Mi? oqmvaieivr rcetnnpn i i ' iv 

mining the area enclosed between a curve and a straight 



VI .VI Hill,L\Tl< 
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Suppose it is required to find the area of the figure en- 
closed by the very small part of a curve, AO, the parallel 
lines BA and CD, and the line BC which is perpendicular to 
these parallel lines (Fig. 7). 

Let tli« i ■ i ' I ' !l « u 

D, so that when EI I is drawn through F 
parallel to BC, the area of the portion 
FDH which is cut off from the curved 
area is equal to the portion AEF in- 
cluded in the rectangle BEHC. This 
height KF is the average height of the 

Then the area of the rectangle EBCH 
is equal to the area of the figure ABCD. 
In other wor ds, it is the eqirivalent 



age height of the c< 



ralent 



. find i 



and the st 



7 - area enclosed between the curve AI 

raightline OS (Fig. 8). 
„ „_a is divided up into a number of strips such 
OANDE, all of equal width, the total width being OS. 

Each 'strip approximates closely to a trapezium a 
anv mid-ordmatc of a strip, such as UN, approxima 
very closelv to the average height of the 



i D, i 



there 



l ill the h 



of the 



With a very large number of strips, the average of all the 
mid-ordinates will approximate very closely to the average 
height of the whole curve, and this average height is the 
height of the equivalent rectangle with OS as its base. 

Then the average height of the whole curve thus found, 
multiplied bv the bit,. OS gives a close approxima- 



te « 



a. the r 



eAMCI - 



\, 0:- and it 



perpendiculars AO and TS. 



If SL is the average height, ORLS will be equivalent 
. -, ngli for the whole figure. 

ve can state the rule for finding the area as follows: 



Multiply the average mid-ordinate by the total width. 



A i 



10. Application 

Sometimes it is necessary, as in engineering, to find the 
area of a closed curve. 

A good example is provided by the Indicator-Diagram or 
Work-Diagram as shown on p. 38. 

The area with n i ic < 1 r >) enables the engineer to 
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calculate the net work clone during one outward and one 
return stroke of an engine piston. 

The length of the figure— i.e. PN— represents the length 
of stroke. 

This multiplied by the average mid-ordinate within the 
curve— that is, of AB, CD, EF, etc.— will give the net work 

done. 




In other words, work done may be represented by an 

11. Symbols normally stand for numbers. In everyday 
speech and writing. letters are often used just as a short 
way of writing words. " Let I be the length " and " let A 
be the area " are examples of the use of letters in this way. 
But when the letters enter into an algebraic statement or 
equation they take the place of numbers. In § 7 we said, in 
connection with the area of a particular rectangle, 
A = xa + xb. 

We knew from the information given that x, a and b each 
stood for a number of units of length. If we are told the 
numbers denoted by x, a and b we can always calculate a 



• due of A. The number A will be a number of 
units of area and the actual unit will be the one derived 
from the unit of length used. 

Example. • 

'he duneviens. given ti: r/g. |n. The actual joist differ' 




■ li.elriiy ■ " . 

it' 1 he area of the 
u " uli 'i, I >■' Pocket Books as 3-53 

'■e> 1! V it i>i' i i i. have " i!iof!ih.-;(fiiv!= of 
form from Fig. 10 affected the section area? 
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The two flanges are each 3 in. X | in. They are joined 
by a " web " which is SJ in. X J in. The flanges and web 
have a total cross-section of— 

2X3X| in. 2 + 51 X i in. 2 

Thus A in. 2 = *g in. 2 + fi in. 2 
_ 36 + 21 . , 

16 m 
= « in. 2 
= 3Am. 2 
= 3-5625 in. 2 

or 3-56 in. 2 correct to three significant figures. 

The tables give the section area as 
3-53 in. 2 



The discrepancy is 0-03 in. 2 , and comparing this with the 
calculated value we see that the modifications from the 
plain rectangular section have led to a reduction of 




12. Volumes Determined by Areas 

Most calculations of area can be used directly to give the 
volumes of simple solids derived from the areas. For 
example, if a plate of any shape contains A units of urea, 
and its thickness is t unit of length, clearly the plate 
contains A units of volume. If the thickness is t length 
units the volume is At units. Volumes are dealt with 
fully in Chapter 12 ; but this note is introduced in order 



2] 
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that readers may attempt with confidence many miscel- 
ii- exerciser t.ikeu i i examination > |< il 
depending mainly on a calculation of area. Fig. 11 shows 
such a solid derived from an area, and known as a plate or 
a prism according as its third dimension is small (the 
thickness of a plate) or large (the length of a prism or bar). 




Example. 1 all 10 fi s is app d to it plaster to 
a total depth of J in. How many cubic feet of plaster are 

The area of wall to be covered is 10 X 8 sq ft. 

= 80 sq ft 
The thickness of plaster is J in. 



The volume of plaster = Area x Thickness (: 
sponding units) 

= 80 X ^-rgcuft 
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The answer would best be stilted as 5-8 cu ft, to two 
significant figures, since the thickness of J in. could not in 
practice be exactly attained. 



EXERCISE II 

1. Find the areas of the following: 

(1) A rectangle 115 in. by 3f in. 

(2) A rectangle 14-3 in. by 17-6 in. 

(3) A rectangular field which is 86 yd wide and 

103 yd long. Give the answer in acres. 

! the i oi bii of mot 16 So in wide 

and 4-82 in. thick. 
(5) The area of a mile of straight road 27 ft 
wide. 

2. A rectangular garden measures 140 ft by 38 ft. A 
flower-bed 3 ft wide is made round two sides and one end. 
What is the area of the remainder? 

3. A picture is 3 ft long and 25 ft wide. The width 
of the mount -between it and the frame is 4 in. Find 
the area of the mount between the picture and the 

4. Assuming no waste, find how many floor-boards 8 ft 
long and S in. wide will be required for a room 24 ft long 
and 121 ft wide. 

5. What length of carpet from a roll 27 in. wide will be 
required to cover a room 121- ft by 15 ft, if there is no 
waste in the making ? 

6. What would it cost to paint the walls of a kitchen of 
length 12 ft, width 11 ft and height 8 ft at Is. 9d. per sq 
yd, on the assumption that area of skirting, doors and fire- 
place forms 121 i 

7. One side of a rectangular piece of cardboard is 42 cm 
long, and the weight is 60 gin. 



If the weight of a sq cm of the cardboard is 0-24 gm, find 
the length of the second side. 

8. Find the areas of the triangles having the following 
dimensions : 

(a) Base 3-2 in., height 11-8 in. 
(6) Base 124 yd, height 72 yd. 
(c) Base 8-5 cm, height 11-4 cm. 

9. Find the area of an equilateral triangle of side 4 in. 
by drawing the triangle and measuring its height. 

10. A rectangle measures 1 it 4 in. by 2 ft 3 in. What 
is the height of a triangle equal to it in area but having a 
base 3 ft 9 in. long? 

11. On squared paper draw accuiately a triangl I ingi 
base of 4 in. and slant sides 3i in. and 3J in. respectively. 
From the vertex of the triangle draw a line at right angles 
to the base. Measure the altitude of the triangle. Cal- 
culate the area of the triangle and on the same base draw a 
rectangle of equal area. (U.E.I.) 

12. The side of a house 35 ft long and 28 ft high contains 
four windows each 3 ft by 6 ft. What is the area of the 
brickwork? (U.L.C.I.) 

13. If the press tools ai . i 11 Hi ■ 1 and accurately 
made a flat-bottomed sheet-metal cup can be produced 
having the same thickness both of bottom and sides as the 
circular blank from which it has been drawn. 

Assuming this constant thickness, and neglecting the 
small rounding necessan at the meeting of bottom and 
' ' T \a>y to produce 

"\ ii i 

answer will, of course, be an algebraic formula for B in 
terms of D and H. Commence your work by making a 
good-sized clear sketch. (C.G.L.I.) 

(In anticipation of Chapters 11 and 12 note that the 
circumference of a circle is given by the formula 2w and 
the area by the formula r.r' 1 .) 
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14. Write down the perimeters of the following figures: 

{a) A square of x in. side. 

(6) A rectangle of length m in. and breadth » in. 
(c) A rectangle of length 3a in. and breadth 26 in. 

15. A garden is 150 ft long and 45 ft wide. A lawn in 
it is a ft long and b ft wide. What is the area of the 
remainder? 

16. How main- tiles / in. long and b in. wide would be 
required to pave a courtyard m it long and n ft wide? 

17. Express p lb weight per sq in. in terms of grams 
per sq mm, given that 1 in. = 2-54 cm and 1 oz = 28-35 
m (N.C.T.E.C.) 

18. The petrol tank of a motor car is 28 in. long. Its 
cross-section is a rectangle 10 in. < 6 in. which has all four 
corners rounded off, the radius of The rounding being 2 in. 
These are internal dimensions. 

(i) Make a good-sized dimensioned sketch of the tank. 

(ii) ( alculat. tlit nurnbei of gallons of petrol that the 
tank will hold. Assume 277 cu in. to the gallon. 

(iii) Calculate the weight of the empty tank if it is made 
of thin sheet metal (so thin that you need take no account 
of the thickness) which weighs 0-0056 lb per sq in., all the 
joints being made without overlap (perhaps by a welding 
process). 

(iv) Give reasons for the number of significant figures 
j i " ' 1 iswers 

(Based on C.G.L.I.) 

19. Find a formula for the area of a regular hexagon 
inscribed in a nr. Wialii,-/ '\cn t'nt (lie height of each 
of the six equal triangles into which the hexagon is divided is 
^ times the base of the triangle. 

20. A parallelogram has one pair of opposite sides each 
71 in. long, the perpendicular between them being 5| in. 
in length. Find the area of the parallelogram. 



21. Draw a parallelogram one: angle of which is 60°. 
The sides containing that angle are 3-2 in. and 5 in. in 
length. Find the height of the parallelogram and calculate 

22. An open-topped rectangular container is to be 
9J in. x 7| in. X 3| in. high. It could be made from a 
rectangular piece of sheet metal in two ways: (i) by cutting 
and joining; (ii) by folding and overlapping (as when 
wrapping a parcel). 

Maki good-sized dimensioned sketches in explanation of 
the alternative methods. The first would be used if the 
scrap metal cut out were valuable: what would be the 
percentage saving of metal effected by using method (i) 
rather than method (ii) ? 

23. A piece of metal 7| in. x 5f in. is to be machined 
flat by means of a tool v hi. i , 1 epe ed tutting and 
return strokes lengthways of the work. The effective 
width of the tool is i\ in., and between strokes it is fed 
crossways of the work by & in. How many double strokes 
will be needed if the tool is just to clear the work on the 
first and last strokes? Commence by making a good-sized 

In setting up the machine an over-run of J in. is allowed 
at eacli end of the stroke. Express us a percentage the 
ratio of the area of the metal lace machined, to the area 
" swept " by the tool. 

24. A cutting tool is " traversed " along a bar of steel 
turning in a lathe, and produces a cylinder 2J in. dia x 
Hi in. long. During the finishing cut the traverse of the 
tool was 1 in. per 75 re\ 1 ir id t tual (tangential) 
cutting speed was 120 ft per min. How long did the 
finishing cut take? Yon may neglect the time needed for 
the tool to enter the cut. 

To keep in step with other operations on the same 
machine, it is necessary for the above operation to be 
finished in 4| min. If the cutting speed may not be 



increased, what traverse per revolution 

25. The parallel sides of a trapeziui 
4-0 in. and 0-7 in., and the distance betw( 
Find the area of the trapezium. 

26. An angle-iron section has dimen 
Fig. 12. 
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(i) Find the area of the section. 

(ii) Find the net reduction of area, and express it as a 
percentage, if the angles at T, 0 and S are each replaced by 
a quarter-circle of !. in. radius. 

(iii) Find a formula for the area if PQ is a in., QR is b in., 
RS is t in. 



The mifa-l/anC'Us exercise- ;:■■:;':!; foUon- have been extruded 

(by permission) from recent examination papers set in 
connection with National Certificate Courses. 

" Miscellaneous Exercises 

1 . The cross-sectional areas of a tree-trunk are as follows : 
Distances from end in ft 0 2 4 6 8 10 12 
Sectional areas in sq ft 1 3 3-5 4 4-7 5 5-7 

Find the volume of timber in the trunk. (Rugby.) 

2. (a) Find the \ohmie of metal in a cvlindrical pipe of 
internal and external diameters 6 in. and 7 in. respectively 
.ii) i length 14 ft. 

(b) The radius of one circle is twice the radius of another. 
What percentage is the urea of the smaller of the area of 
the larger circle ? (Handsworth . ) 

3. (a) Express 5° 6' 18" in degrees and decimals of a 
degree. 

(b) A rectangular block has a square section of side 5 cm, 
and is 12 cm long f n 1 ' » 1 i r i the diagonals on 
all six faces of the block. Find also its volume in cubic 
metres. (Handsworth.) 

4. (a) A rectangle measures 1 ft 4 in. x 2 ft 3 in. What 
is the height of a triangle of equal area but having a base 

(b) What l*. th- 1 ' 1 ■ 0 i of apipe 15 sqin. in cross- 
section if the internal diameter is 8 in.? (Handsworth.) 

5. A series of soundings taken across a river channel is 
given by the .following table, x ft being the distance from 
one shore and y ft being the corresponding depth. Use the 
mid-ordinate rule to find the area of the section. 



(Nuneaton.) 




show; 



. How many seconds w 
take to pass completed 

!. The diagram Fig. 14 

metal casting 8 in. long. 
Find the weight of the 
casting if the density of the 
metal is 0-31 lb per cu in. 

(Dudley.) 
9. A chimney is I ft high. 
Its external diameter is 
D ft and its internal dia- 
meter d ft. Find an ex- 
pression for V the volume 
of brickwork in the chim- 
ney. Deduce an expression 
for D in terms of the other 
symbols. 

" Find the volume V when 
D = 8-5 ft, (2 = 6-5 1 
I = 60 ft. (Sunderland.) 




10. Calculate the area o 
radius 4 in. by dividing it 
setting up 8 mid-ordinates. 

Find the area of the quadrant from the formula 
A = and calculate the percentage error in your 

graphic method. (Coventry.) 

11. A regular hexagon is drawn with a side of length a; 
and a second hexagon is drawn inside the first by joining 
the mid-points of the sides. A third hexagon is inscribed 
in the second by the same process. Find the length of 
side of the third hexagon, and hence the ratio of the areas 
of the first and third. (Coventry.) 

12. A trench is in the form of a trapezium. Its width 
at the top is 6-5 ft and at the bottom is 3-5 ft, and its depth 
is 4 ft. If the trench is 40 ft long find the weight of 
material removed in tons if 1 cu yd of earth weighs 1580 lb. 

(Handsworth.) 

13. (a) A path 1 yd wide runs all round a rectangular 
lawn 20 yd long, 15 yd wide. Is the rectangle formed by 
the outer edge of the path a similar shape to that of the 

* ;-!\v ii iii 'Miu answer. 
(b) A regular pentagon is inscribed in a circle of radius 
5 cm. What is the length of its side ? (Handsworth.) 

14. 500 lb of material are lifted from a shaft 700 ft deep 
by means of a rope weighing 1J lb per ft length. Show by 
means of a diagram the work done in lifting the material 
to the surface, and state the total work done. 

(S.E. Essex.) 

15. A garden roller is 2 ft 9 in. in diameter and 3 ft 3 in. 
wide. What area, to the nearest square vard, does it roll 
over in 100 revolutions ? [- = ^-j " (Sunderland.) 

16. («) A petrol filling-station has three cylindrical 
storage tanks, each 7 ft diameter and 10 ft long. Find 
the total storage capacity in gallons if 1 cu ft equals 
61 gal. 



(b) A swimming-birth, rectangular in plan, is 25 yd long 
and 15 yd wide. Ii de. p 1 n i 1 m S\ ft at the 
shallow end to 7| ft at the deep end. Find its capacity in 
gallons. (Worcester.) 

17. A piece of copper 1 ft long, 4 in. wide and J in. thick 
is drawn out into wire of uniform diameter of j"j in. Find 
(a) the length and ib) the weight of the wire. (1 cu in. of 
copper weighs 0-319 lb.) (Worcester.) 

18. Water is flowing at 3 m.p.h. in a water-main of 14 in. 
bore. Find the delivery rate in gallons per minute (01 gal 
= 1 cu ft). (Worcester.) 
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1. Symbolic Representation 

In the previous chapter on areas, certain letters, a, b, 

1, h, were introduced to represent lengths of lines in terms of 
some unit, and A was taken to represent a number of units 
of area. 

Our purpose here is to show how the operations performed 
in Arithmetic can be carried out when we generalise and 
employ letters in place of numbers to represent the magni- 
tude of quantities of any kind. Thus we can speak of % 

lilling^. ,vi pen t i i persons 

Algebra is concerned \w 1 p noi 1 numbers, and 
the fundamental idea in Algebra if, that we can operate 
with the symbols just as we do with numbers in Arithmetic. 
They are subject to the same laws. 

2. Multiplication 

Just, as 5 shillings — 5 x 12 pence = GO pence, 
so x shillings = x X 12 = x . 12, or, as it is usually 

written, Vlx pence. 

This cannot, as in Arithmetic, be evaluated further, until 
a definite value is given to x. 

The area of 12 rectangles of length h and width b will be 
12 x bh— that is, 126A. 

If there are n such rectangles, their total area will be 
n X bh or nbh, the units of area being those derived from 
the length units used. 

The area of a square whose side is * in. is x X % = x . x, 
or, as we usually write for brevity, x 2 sq in. 



» . £ or 

This method of expressing product: 
any number of letters. 



:an be extended t< 



In the last tv 
symbols a, b, c a: 
such as length, a 



rectangle in the last chapter 
essed the fact that the are 



3. Division 

Referring again to t 
had h = y which ex 
divided by the base to give the height. 

If 24 pence are divided among 8 boys, each boy receives 
¥ = 3 pence. 

If 24 pence are divided among % boys, each boy receives 
and, further, if there be y pence instead of 24, 



each boy 



4. Power and Index 

The quantity a X a X « or aaa or a 3 is called the third 
Power of a, and the small figure 3 which denotes the number 
of factors in it is called its Index. 



The index thus indicates the number of tin 
a occurs as a factor. Similarly a x a X a x c 
called the fourth power of a and 4 is the index. 



Similarly 



is the product of 5 a 



,o 9 factors 



It will be seen that similar results will follow, whate^ 
i _i i indices are employed. 

Hence — When two powers of the same quantity 8 
multiplied together, the index of the product is equal to t 
sum of the indices of the two powers. 

Extending this idea, 

(a%c)* = a*bc X a^bc X a a fe 

= aW 

Otherwise (a 2 bc) s = a 2 bc X a*bc X « 2 fe 

= x 6 1+1+1 x + 

= aW 

Example 1. a 6 b x ab l (a x a x a X b) X (a X b X 



6. Division of Powers of the Same Quantity 

(1) Now, & 3 -T- a 2 — — ^ 

= a (on cancelling) 

(2) Also X s -4- x* = \ 




No. 1 of the above examples could be written 



Hence — " In order to obtain the result of the division of 
two powers of the same quantity, the index of the divisor 
must be subtracted from the index of the dividend." 




7. Coefficient 

The algebraic quantity 3abc is the product of four 
quantities, and each of them is a factor of the whole 
expression. 

Any one of the four is said to be the coefficient of the 
product of the other three, when for any purpose we are 
ns li ing the product of the three as a separate quantity. 
Thus 3 is the coefficient of abc, 
b is the coefficient of 3ac. 
In the coefficient of bh is 

In ^ (a + b), 1 is the coefficient of (a + b). 



Multiplication of certain quantities taken as a group ma 
be indicated 1 1 [U , 1 i] i i i i bracket with tf 
multiplier outside. 

Thus the quantity h(a + b — c) indicates that ever; 
thing in the bracket has to be multiplied by h. 

' is the coefficient of (a + b + c) (see Chap. 2, p. 32). 



8. Addition of Two or More Quantities 

The result of adding one quantity to another is called 
the Sum. 

We have already had the sum of a and b, which is written 
The sum of a, x and y is expressed by a + x + y. 

9. Terms of an Expression 

The terms of an expression are the quantities in it which 
are separated by positive or negative signs. In the expres- 
sion 3;«2 - r 2«y, 3w s is one term, liiy is another. 

This expression has two terms, and so is called a Binomial 
Expression. 

The expression (2a - 3b + 4c) consists of three terms, 
and in consequence is called a Trinomial Expression. 

10. Reciprocal 

The fraction • is said lo be the reciprocal of 7. 
-^2 is the reciprocal of x 1 
ax is the reciprocal of ~ 
Thus the reciprocal of any quantity is that quantit v divided 



Example. .! horizontal fores F lb is found to be necessary 
to cause a weight \V lb to slide over a flat table. When 
different weights an uvui, requiring different forces F, it is 
found that the fraction is always the same or nearly the same. 
The constant value of the fraction is generally denoted by 
y. (a Greek letter: pronounced mew). 

Explain u.-lv it is usual to describe y. as the '' Coefficient f 
Friction." 

Since — = „ 

F = u.W, 

so that 11 is the coefficient or multiplier which enables us to 
calculate the friction F from the contact force W. 
The Student might now ;oork Ex. Ill, Sect. A. 

11. Subtraction 

We know from Arithmetic that subtraction is the inverse 
operation to addition. Thus to subtract 4 from a number 
and then to add 1 is to leave the number unaltered. Simi- 
larly to add 4 to a number and then to subtract it again 
leaves the original number unaltered. 

Thus 10 - 4 + 4 = 10 

or 10 + 4 - 4 = 10 

In each case the original operation is undone by an inverse 

But in Algebra when symbols are employed a difficulty 
arises. Thus a — b can be readily understood, as long as a is 
greater than b, but ceases to have any intelligible meaning 
arithmetically if a is less than b. though it is clear that 
— b is still the inverse of + b, as in the definition given 



In Algebra we generalise, and we must now consider what 
meaning can be given to such a quantity as a — b when b 

12. Positive and Negative Quantities 

("oiisidcr the 1 1 i i i 

In a certain transaction a man gains 12s. In a second 
transaction he loses 8s. On the two transactions he has a 

He now engages in a third transaction in which he loses 
10s. If we continue to use a + sign to indicate gains and 
a — sign for losses, then after the third transaction his 
position is indicated by + 4s. — 10s. = — 6s. That is, the 
minus sign shows that he has now had a net loss of 6s. 

If now in a fourth transaction he loses 3s., his total loss 
will now be shown by - 6s. - 3s. = - 9s. 

We would s I 1 I it a profit, indicated by 

a + sign, is a positive quantity, and loss, indicated by a 
— sign, is a negative quantity. 

The terms positive and negative are thus definitely 
opposite in their meaning and function, and the operations 
with a negative quantity are the reverse of the operations 
which a positive quantity would imply. 

13. Positive and Negative Directions 

The terms positive and negative are conveniently em- 
ployed to indicate opposite directions. 

Thus if, starting from a given point, distances to the 

.i -;.:! . : i pCSi: iVC. .' I - : Mi 

would be regarded as negative. 

Again, if distances vertically upwards are regarded as 
positive, then distances vertically downwards would be 
considered negative. 

Example 1. To some students a billiards handicap of, 
say, 100 up may indicate some idea of what we mean by 
positive and negative quantities. 



ncs [vo 



D receives 15. 

We can show the relative positions of the 
players in the handicap by means of the ver- 
tical line MN (Fig. 15). 

A neither receives nor owes, and therefore 
his position is at the zero mark. 

D receives a start of 15 from A, and is 
therefore at plus 15, or + 15. 

Since C owes 5 points, he starts with a debit 
of 5— that is, he starts at - 5. 

Similarly B must start at - 15. 

It is obvious that the diilerenee between 
the positions of B and D is 30 points. 

Again, — 15 is clearly below the zero mark, 
and therefore less than + 15. 

If to get the difference we employ the usual 
method, and subtract the smaller from the 
larger number, we really have + 15 — (— 15), 
which must give 30 points as shown above. 

It means that + 15 - (- 15) = 15 + 
15 = 30. 

Example 2. Diagrammatic Illustration. 

If we assume that a movement from left to 
right is a positive movement, then a move- 
ment from right to left must be a negative 
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a similar distance from 0 to the left must be considered as 
a negative distance. 

Let the length of each division be represented by a, and 
suppose we wish to find the value of ia — 3a. 

We move from O to A by 4 steps, and then move back 3 
steps to B, and the final position is la or + a from O. 

To show 2a — 5a, we move 2 steps from O to the right — 
that is, to C— and ba. k 5 steps to the left to D, so that the 
ultimate position is 3 units or steps to the left of the zero or 



X D E ° B C A Y 



Again, starting from C and moving back to B, we per- 
form the operation, for 2a — a, giving us a. 
From B to O shows a - a = 0. 
From O to E shows 0 - a = - a. 

This means that - a is less than zero, or that - 1 is one 
less than zero. 

The Addition ol Positive and Negative Quantities. 

Suppose it is required to find the sum of the following 

adding them together, but paying due attention 
to the sign of each quantity, which, as far as the diagram is 
concerned, means direction. 

Starting from 0, this would give 3 steps to the left, 2 to 



the right, 5 to the left and 4 to the right, finishing ultimately 
2 to the left, and thus — 2a is the sum of the above quaH- 

We could have obtained the same result by taking the two 
negative quantities first, and then the positive. 

To perform the addition arithmetically, the sum of the 
positive quantities 2a and 4a is 6a. The sum of the 
negative quantities — 3a and — 5a is — 8a. 

.-. The total sum is that of 6a and - 8a, or 6a - 8a, 
which we write as — 2a. 



To Subtract a Negative Quantity. 



movement from A of 3 steps to the left to B, ending with 
OB, which represents — a. 

To show 2a — (— 3a) we must reverse the direction for 
the second movement, which means that we arrive at C, 
giving us OC, which represents + 5a. 

This is seen to be the same as 2a + 3a, which equals 5a. 

We therefore obtain the following rule : 

" To subtract a negative quantity reverse its sign, and 
proceed as in addition." 
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14. Brackets 

Since in the expression 5a + (a + b — 2a), the positive 
sign in front of the bracket means no reversal, it is equiva- 
lent to 5a + a + b — 2a, which is equal to 4a + b. 

If, however.'we have 5a — (a + b — 2a), the signs in the 
bracket must be reversed if we remove that bracket. 



Example. (3a — 2b) — (5a + b) — (— 8a — lb) 

= 3a - 2b - 5a ~ b + 8a + lb 

= 6a + 46 

In an example such as 3a - {24 - (5a + 4 - c)}, we 
first remove the innermost bracket. 

This gives us 3a — {2b — 5a — b + c}. 

Then, removing the outer bracket, and proceeding as in 
the previous case, we get : 



15. Rules for the Use of Signs in Multiplication and 
Division 

Multiplication and Division with Negative Quantities. 
Multiplication. 

We know that 5a + 5a + 5a lfla. 

In other words, three times 5a — that is, 
5a x (+ 3) = 15a 
Similarly — 5a — 5a — 5a = — 15a, 

otherwise — 5a X 3 = — 15a 

It will be obsi >i f the two quantities 

is negative, while the other is positive, and the result is a 
iirative quantity. 
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As has already been mentioned, a — ve quantity operates 
in the opposite sense to a + ve quantity. 
Hence if - 5a x (+ 3) = - 15a 

- 5a X (- 3) = + 15a 
Again, if 3a x 24 = Qab 

— 3a X 2b must equal — dab 
and - 3a X - 2b must equal + 6ab 

Example. Ub x - 2ac x Sab = 2(W x (- 2ac) 
= - 40a s b 2 c 

Division. 

1. We have seen above that 
3a x 2b = 6ab 
Then Gab -H 2b = 3« (the other quantity) 



Gab H 3b = — 3a 

Examining these results we get the following rule : 

" In Multiplication and Division, if the two quantities have 
the same sign, the result is a positive quantity. If the signs 
are different, the result is a negative quantity." 



Briefly « 



Examples. 

1. -2ab X 3bc X 



- Sac = - 6ab*c X - 2ac 



!. Simplify m(n + p - 2q) - n(m - p 
'he expression = mn + mp — 2mq — n 
= mp -2mq + np + 3i 



it must be clearly understood that the positive sign in front 
of the second fraction refers to the fraction as a whole, and 
tr Statement a PP Iies t0 tne mmu s sign in front of the 

_ As in Arithmetic, the equivalent of each fraction must 
first be expressed with the same denominator, generally 
known as a common denominator, which in the above case 




~~jT- — becomes ^^'^ 9 



Hence ^ + *L±^ _ 2n g m . 

_^ 3(m + n) i(2n - m) 

12 ^ 12 12 
= >" + 3(m + «) - 4(2n - m) 
12 

= + 3m + 3n - 8" + *m 



12 



It will be seen that the terms in any numerator must be 
dealt with as one quantity, and hence the line which separ- 
ates numerator from denominator really acts as a bracket. 



17. The Indicator Diagram Furnishes an Example of 
the Rule of Signs ; also of Positive and Negative 
AREAS 

Engine indicator diagrams (refer Fig. 9, p. 38) generally 
have marked upon them a line showing atmospheric pressure. 
A single-acting piston (such as that of most motor-cycle 
and motor ui i i I re applied to 

one side all the time. Then, within the working space 
enclosed by the piston, we can regard pressures above 
atmospheric as positive or +, and pressures below atmo- 
spheric as negative or — . When the piston moves out- 
i iwards the crank) in response to the pressure of the 
enclosed gas or steam we can regard its displacement as 
positive ; when the piston moves inwards, against the 
pressure of the enclosed working substance, we can regard 
its displacement as negative. 

Fig. 18 (a) is copied from an indicator diagram taken 
from a single-acting engine working upon the four-stroke 
cycle. It shows the pressure lor every position of the 
piston during the four strokes which are (i) compression, 

has to record very high pressures! so on the scale to which 
it is drawn the lines indicating the exhaust and suction can- 
not be distinguished from one another or from the atmo- 
spheric line. It is customary therefore to obtain another 
diagram with a much more open pressure scale. This will 
record the exhaust ami suction stiokes, but not the higher 
pie sure ct i I expansion This diagram, 

often known as a pumping diagram, is drawn in Fig. 18 (b). 

On Fig. 18 (a) and (b) four short corresponding leu ts i 
the record for the four engine strokes are shown in heavy 



lines and marked respectively 1, 2, 3 and 4. These four 
lengths are redrawn in Fig. 19. The areas between 1, 2, 
. .ind 4, ami the atmospheric line giv infcrrsi mg exemple- 
of the rule of signs in multiplication. 




Area under 1. Mere the pressure is above atmospheric 
nr positive tin pish i displacement ■, Positive. So their 
product (the area under line 1 , representing the work done 
during a short part of the expansion stroke) is positive. 
ii : Positive .s I', i , 

Area under 2. Here the pressure is again above atmo- 
spheric, or positive, but the piston displacement is inward or 



negative. So their product is negative. J'ositive X Nega- 
-•< S'i ' Negative. 

spheric, or positive : the piston displacement is again 
negative. So their product is negative. Positive X Nega- 
t Negative. 





■it h .u ' 4 . > < > > , hnei. Here the pressure 
is below atmospheric, or negative : the piston displacement 
is outward or positive. So their product is negative. 
Negative X Positive gives Negative. 

The positive area under 1 is shaded /////. The three 
negative areas are shaded \\\\\. Following the diagram 



round, it can be seen that the main area in Fig. 18 (a) is 
traced clockwise. This i* a positive area and represents 
work doneapo/i the piston. The loop in Fig. is (J,) is traced 
i o wise This is a negative area and represents 
work done by the piston in drawing in the cylinder 

EXERCISE III 

1. Write down answers to the following: 

(a) The coefficient of x in Sax, ixy, x -j- 5bx. 

(b) The coefficient of ab in oabe, 3abx 2 , yq~ 
;<> ' 

'-. Miiiphtv the foilonin^ ■ 

3x + Sz + 2y + ox + 6-Sy + lOz 
and find the value of this when x = l,y = 2, z = 3. 

3. Multiply together the following: 

(a) 3x*y X 2xy*. (e) 2ab X 3bc X iac. 

(b) ipq X 3q\ (d) lat x fW X \aH. 
and find the value of the last when a — 5, b = 6, t = 2. 

4. Simplify the following by adding together the fractions : 

, . a + 3b . 2a + 5c , 4b + &c 

{a > —r~ + —3— + ~ 6 — 
»s + s + i' 



5. Evaluate the following: 



[vc 

■ciprocals of the following: 



(b) 64«y. (d) »5Zr. 

9. Given that /, = /„{] + - <„)}, find the value of 
a. if Zj = 9-007, when i 0 = 9, ^ = 85 and = 15; and /„ 
being lengths in inches, t l and t„ temperatures in degrees 
Centigrade. Explain why the small fraction a is con- 
veniently known as the Coefficient of Expansion. 

10. Referring to Fig. 1 8 (a), by means of dividers transfer 
the hues of the diagram as a. anratclv as possible to vi-ur 
paper, and then, by mid-ordfnates or otherwise, find what 
work is done during each of the four strokes of the cycle 
remembering the rule of signs in multiplication. To En- 
tile scale of your diagram take the cylinder bore as 4 ir 
and the piston stroke as 5 in. 

From your results find the work done per minute if th 
engine has four cylinders and is turning at 920 revolution 
per minute. You need not take Fig. 18 (b) into account. 

11. Simplify 



ts simplest form each of the following : 
V (») lass- (N.C.T.E.C.) 



13. Write down the 
(1) (+ 



o the following: 
r <- «)■ 



(9) (- 

(10) (- 25) -f- (+ 5). 

(11) (- 25) 4- (- 5). 

(12) (+25)-M-5). 

(13) (-4) X (+3) X (- 

(14) (- a) x (+ 3a) ~ ( 

(15) {(-6*»)-H(-2*)}x 

(16) (- 5x) X (- 2x) x ' 
14. Add up and simplify the following: 



(b) 3* - - 
(d) 3% - 4, 



_2x + By - 6z 



15. Find the value of 2(3a — 46) — I(4a — 3b), i 

a = - 2-5, b = - 3-5. 

16. Find the value of 1 — 3x + 5* 2 — x 1 , when x = - 

17. Supply the quantities missing in the brackets ir 
following : 

(6) 5x* _ 7* + 14 = Six* - 7( ). 

(c) 3a - 2b + 4c + la = 10a - 4( ). 

18. Simplify: 

- 13* + 14 



(i) 



2x % + x — 10 " 3iy — 7 



20. (a) If a train travels 
take to travel D yd ? 
A motor travels 100 miles 



n.p.h., how long will it 



average speed of 40 m.p.h . , 
s the return journey at an average speed of 50 
What is the total travelling time? 



R 2 = 6-4 and R 3 = 3. 



CHAPTER 4 

I. ALGEBRAIC OPERATIONS 



1. The Distributive Law 



That is, the product of x and a + b is found by multiplying 
each of the terms of a + b by x and adding the result." In 
other words, the factor \ is distributed to each of the terms 
a and b. Tins it 1 mini ,ebra known 

as the Law of Distribution. 
The method employed may be extended to any number 



x(a + \ 



The law c; 



+ c) = « 
shown t 



n similarly b 

Thus x[a - 6 - c + d) = xa - xb — xc + xd 
It should be noted that any quantity which is a fa 

of each term of an expression is also a factor of the w 

expression. 

Examples. 

1. 5«(2a + 36 — 4c) = 10a« + I5nb — 20«c. 

2. 3* 2 (2.t 2 - ox + 7y) = 6** - 15* 3 + 21* 2 >-. 

2. Product of Two Binomial Expressions 
(1) The product of (m + n) and (p + q) 

Let ABCD be a rectangle with AD divided at M so 



so that AQ = p, and QB = 
w QP parallel to AD. 
w MN parallel to AB. 



B N C 



Then AD = m + n, and AB = p + q. 
Now, rect. ABCD = rect. AQPD + rect. QBCP 
that is, (m + n)(p + q) = p( m + „) + q{m + n) 
= pm + pn + qm + qn 
It will be noted that in the expression (•;» + n)(p + q) 
each term in one bracket multiplies each term in the other. 
Similarly it can be shown that 

(m — n)(p + q) = mp + mq — np — nq 
(m — n){p -q) = mp - tnq - np + nq 

(2) The square of a binomial. 

Applying the above, it will be seen as a special case that 
(a + 6)2 = a 2 + 2a5 + 

In words, " the square of a Binomial Expression is the sum 
of the squares of the two terms taken separately, together 
with twice the product of the two terms." 



Similarly we can show that 

(a — b) 2 = a 2 — 2ab + b 2 
Example f . {ab + xy) 2 = a 2 b 2 + abxy + abxy + x 2 y 2 

= a 2 b 2 + 2abxy + x 2 y 2 
Example 2. (mn — p) 2 = m'hi 2 — mnp ~ mnp + p 2 

- mW - 2mnp + p> 

3. Product of Two Binomials with One Quantity the 

Same in Each 

Applying the above to such a product as (x + 3)(.r + 5) 
we see that 

(x + 3)(x + 5) = x 2 + 3x + Sx + 15 
= x 2 + (3 + 5)x + 15 
= x 2 + 8 * + 15 
It will be noted in this result that the coefficient of x in 
the middle term is the sum of the numbers 3 and 5. 
We can use this fact and extend it in other examples. 
Thus (x - 9)(* + 7) = x 2 + (- 9 + 7)2 - 63 
= x 2 - 2x - 63 
(x + Sp)(x - 2p) = x 2 + (Sp - 2p)x - Wp 2 
= x 2 + dpx - 16p 2 
In the expression (3a- - S)(2x + 7) the first term in each 
binomial is already a multiple of x. 
Then (3* - 5)(2z + 7) = iSx"- + (3 x l)x - (5 X 2)x - 35 
= &x 2 + (21 - 10)x - 35 
= 6* 2 + 11* -35 

4. The Product of the Sum and Difference of Two 

Algebraic Quantities 

We have to find the value of (x + «)(* — a) 

{x + a)(x -a) = x 2 + (+a- a)x - a 2 
that is, (as + a) (as - a) = as 2 - a 2 



n be stated as follow 

> t: 

Example. (7a + 5i)(7« — 56) 
Example. (3w» + Spavin - 
Taking Uie example (:i + ■ 



«) = UP + q) + a][(P -i 
= (p + ?) > _ 8 2 
= ^ 2 + 2pq + q* - < 



Then (x + «)(* - a) = [x + () 



II. FACTORS 
5. An analysis of the illustrations of various products in 
this chapter, and the methods of obtaining them, afford a 
means of finding the factors of certain expressions. 

A. Expressions which have One Factor Consisting of 
One Term Only 
Example 1. We know that 

9* - 1x + Ux ~ 2x = 20x - 9x 
= 11* 

Here x is a factor of each term and is also a factor of the 



Example 2. If wc have to factorisc xn — xp — xq, we 
notice that there are three terms each containing x, and the 

■ uc ( ('sot k - arc rcspci W n — p, and — q. 

The sum of these coefficients is (« — p — q). Hence as 
in the example above 

xn xp xq = x(n - p - q) 
This is the converse of the example given on the Distributive 

Example 3. In the expression 12ai> — 166c + 2nb we 

have 2 and b as common factors, 

.-. 12«J - 166c + 2nb = 2b{6a - 8c + n) 

Example 4. In the expression 1p\ — \4p l q 3 + 2\p z q-, 
7, p' and q are common factors — that is, 7p 2 q is a common' 
factor of the whole expression. 

.-. !p3 q _ npy + 2ipY' = 7p\{p - 2pY + 

B. Factorising Expressions of Four Terms which can 
be Expressed as the Product of Two Binomials 

6. Consider 1 1 , 
first two terms p is a common factor. 
Then pm + np = p(m + n). 

In the last two q is a common factor. 

Then qm + qn = q(m + »). 

We now have 

pm + np + qm + qn = p(m + n) + q(m + n) 



In p(m + n) + q(m + n), the sum of the coefficients of 
(m + n) l S p + o. 

■'■ P( m + «) + ?('» + ») + ?)(>» + ») 

This result is the converse step of the example illustrating 
the product of two binomials. 

Example. Factorise 6* 2 - \2xa + 3nx - 6na. 

Now 6* 2 - I2xa = 6x(x - 2a) 

and 3nx — (ina = 3n(x — 2a) 

Then 6* 2 - \2xa + 3nx ~ Una = 6j;(x - 2«) + 3»(* - 2«) 
= (6* + 3n)(x - 2a) 



C. Factors of Expressions of the Type ax 2 + bx + c 
in which a, b and c have Numerical Values 
7. Case I. When a is unity. 
Example 1. Factorise v 2 -f Six -f- 20 
This can be written = x* + 5x + 4x + 20 
= X 2 + ix + 5(x + 4) 
= x(x + 4) + 5(x + 4) 
= (* + 5)(* + 4) 
It will be noted that the coefficient of x in the original 
expression is the sum of one pair of factors of 20. These 

[I I U I I III I 1 1 M 

Example 2. Factorise x 2 — ix — 45 

Now x 2 — 4x — 45 = x 1 — 9* + 5x — 45 

= x(x - 9) + 5{x - 9) 

= (x + 5)(x - 9) 
It is evident that the real point is to choose factors of 
— 45 such that their sum gives the coefficient of x in the 
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After a time the student can select the binomial factors at 
sight, and, having obtained them, he can check the result 
by their multiplication. 

8. Case II. When the coefficient of x 2 is not unity. 

The method of trial is the best to employ. 
\l dealing f • | 1 ' 1 tno rriiionirais j 73; 
we saw that 

(3x + 5)<2* + 3) = 3x(2x + 3) + 5(2* + 3) 
= 6* 2 + (9* + 10*) + 15 
= 6* 2 + 19* + 15 
Our problem now is the converse of this. From the 
possible factors of 6*» and 15 we have to select two pairs 
such that the coefficient of x in the product is 19. We see 
that the % term is obtained in the above from the sum of 
the products of 3x and 3, and 2x and 5. The problem 
is to hit upon i 

proceed systematically, adopting some such method as the 
following. 

Example 1. Find the factors of 15.i' 2 + 28* + 12. 
Arrange one set of factors (ox + 3) and (3x + 4) as 



X 



* + k 3, 2 

(1 ) }.Iiiltipiyi] i s i 1 v n by the arrows ; 
adding, we get 2%x. This pair will not suit. 

(2) Crossing these out, replace as shown. The ci 
product now is 27 1 This pai ii! not 

(3) Now try 6 and 2 as shown. The cross produc 
28* and we have obtained the right pair. 

.-. 15* 2 + 28x + 12 = (5x + 6)(3x + 2) 
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If it had been that the last pair did not suit we would 
have proceeded to try 2 and 6, then 12 and 1. If these had 
faded we should next have tried 15 and 1 on the left side 
with all those m turn on the right. This would have 

Example 2. Find the factors of 6x 2 + sc — 15. 

It should be noted that in this case the end term of the 
given trinomial is negative. Hence the end terms of the 

I l i binomial factors must be opposite in sign 

Arrange one set of factors (ftr - 5) and (x + 3) as 
shown m the diagram. 

6x~$, 5, n, 



% + - $, - I, I 

(1) Multiplying across as shown by the arrows and 
adding, we get 13x. This pair does not suit. 

(2) If the other 3 pairs of factors are treated in the 

iv, it will be found that neither of them gives 
the desired result. 

(3) We then try the pair of binomials (2.r J- 3) and 
(3x - 5) as set out below: 



Multiplying across as shown by the arrows and 
1 ' ' „u - > »„, ', agiees with the middle 

term of the trinomial except for its sign. 

(4) Crossing out the end terms, I :! and - 5 as 

shown, and replacing by - 3 and + 5, we obtain r!:,- 

desired result. 



Hence 6a- 2 + x - 15 = (2a- - 3)(3a- + 5) 



This method can be adopted in all rases of trinomials of 
the type Ait 2 + B* + C, where factorisation is possible. 

After a certain amount of practice in these, the student 
will find that in certain cases a brief inspection only may be 
necessary to hit upon the factors and even in more difficult 
cases, the work can be considerably shortened, as much of 
it can be done mentally. 

The important point, however, is to make sure that the 
' - ■ i - i 

D. Factors of Trinomials which Form a Perfect Square 

9. In § 2 it was shown that the square of the sum of two 
quantities such as a and b which we express as (a + by 2 is 
a* + 2ab + S*. 

This result consists of the sum of the squares of each 
r < 1 ■ mi with twice their product. 

Now for the reverse process : 

Factorise 4a" + 12ab + 9b 2 

It is seen that 4a 2 = (2a) 2 
and that 96 2 = (3&) 2 

Also 1 2ab = Twice (2a X 36) 

Hence, 



4« 2 + 12ab + 9b 2 = (2a + 36)(2a + 36) 
= (2a + 36) 2 




E. To Factorise the Difference of Two Squares 

10. It has been shown that the product of the Stun of the 
two quantities it rind h and of then difference is equal to the 
difference of their squares. 

In other words, (a + b)(a — b) = a- — 6 2 



< I le difference of the squares of 2m and An, 
and conversely tins difference is equal to the product of 
the sum (2m + 3n) and of the difference (2 m - 3»). 
Hence 4m 2 — 9« 2 = (2m) 2 — (3») 2 

-{2m ; 3«)(2<« - 3«, 
Similarly |.v 2 - ^y 2 - (J.r) 2 - (iy) 2 

= (i* + b'Xi* - iy) 



.-. m 2 + 2ra» + !J 2 - 4* 8 = (jh + 7i) 2 - 4a; 2 
= <» + «)»-(&)» 
= {(m + ») + 2*}{(« + »)- 2x} 
= ( OT + « + 2*)(w + » - 2x) J 

Factorise 9o 2 — (m — «) 2 

9a 2 - (m - „r- = (3a) 2 - (m - «) 2 
We thus have the difference of the squares of 3a and 



F. Sum and Difference of Two Cubes 

11. (A) (a + 6)(« 2 - ab + ft 2 ) 

= a(a 2 - «6 + 6«) + b(a? - 
= a 3 - a% + «6 2 + a 2 i - a 
= a 3 + 6 3 = («)» + (i) 3 
= Sum of cubes of a and b 



(B) Similarly it can be shown that 

(a - 6)(a' + aft + i») = a* - 6* 

= («) 3 - (*) 3 

= Difference of cubes of a and b 
Let us take the converse of A. 
a 3 + 6 s = (a) 3 + (2>) 3 = (a + 6)(« 2 - aft + * 2 ) 

= [Sum of a and 6] [Sq. of a - 
product of a and b + Sq. of b] 
Apply this method in factorising 8« 3 -f 27# 3 
8a 3 + 27* 3 = (2a) 3 + (3.T) 3 

= [Sum of 2a and Sx Sq. of 2a — Product of 2a 

and 3* + Sq. of 3x} 
= (2a + 3*) (4a* - dax + 9* 3 ) 

III. FRACTIONS 
12 II i ,i II 

are applied in the same way as in Arithmetic. 

1. Multiplication and Division 
Example. Simplify x X (7a - 216) 



= 3 X 7(3a - b)(a - 3b) o 
which are common tc 
and denominator. 

= 21(3a - b)(a - 36) 



2. Addition and Subtraction of Fractions 

13. Here, as in Arithmetic, we must find the lowest 
common denominator for all the fractions and find the 
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equivalents of those fracti 

Example 1. Express ? + 0 — £ «, 
The common denominator is a6c. 
Then 5 + * - c = ^ c + ft* _ » 
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iving that common 



Example 4. Simplify | 

1 + R 1 + R + R _ 



Example 2. Find the value of 

Since a* - 6* = (a + b)(a - b). 



b~ab-b 2 + ab 



2m ~ 3« T 3w^27i 
= 3a(3m - 2n) + 2«(2to - 3«) 
(2m - 3»)(3m - 2») 
'' - ii i I;/' — 6ara 



(2m - 3„)73,«"_ 2„) (2w - 3»}(3» ^2/7}' 



EXERCISE IV 
See also the miscellaneous exercises commencing oi 
Section A 

Find the product in each of the following cases : 

1. a(p + q-y). 

2. Smn(ab — cd + da). 

3. 5x*(3m -2n + 5p). 

4. 5R(R 2 - R + 1). 

5. \x(%* ~2x + 1). 



- 3a + 7). 



. (2a + Zb)(a + 46). 

-30(3* + 2y). 

- 3-2)<* - 2-5). 
i. (p + l-4)(2/> - 3-5). 
. (1-6 -y)(2-5+y). 

- mu)[2M -■!»<• 
. (7 - 8a)(5 + 4a). 

- q*)(3p* + 
;. (R - 2)(2R + 3). 
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16. (15 - 2 ? )(13 + iq). 

17. (lab - Hx)(5<,b -J- 2x). 

18. (op + 3y) 2 . 

19. (a - 26) 2 . 

20. (4jk + 3w) 2 . 

21. (15/. - q)*. 

22. [(1 - jf,) + +p) + 2 q]. 

23. + m][(3x-y) - 3w]. 

24. (a + 6 - C )( a + 6 + 2c ). 

25. (R - x)(R + *). 

26. (2c - «*}{2c + d). 

27. (5«a - 4£ 9 )(5m« + ipq). 

29. (2c - rf)(2c + i). 




31. (* + l-5)(.r- 1-5). 



32. (2-5a - l-4)(2-5« + 1-4). 

33. (p + 2q- c) 2 . 

34. (3a - 26 - 4c) 2 . 



Section B 

implify the following fractions in which the denom 
factor of the numerator: 

2 + ox + 4 7 ab — ac + pb-pc 

t 2 - 4j>» + ^ 6am + 4a« - 96m - 

2 * - # ' 3^T+2^ 




Section C 

Find the factors of the following: 
I 

ax — bx + ex. 4. 54a 3 6 2 c — 36«6 3 c 2 + 27a6c 3 . 

PY - my + pbqy- 5. p - ^ + ~ 




1. ax + bx + ay + by. 

2. a 2 c" — acd + abc — Jo". 

3. x 2 c - xH — bH + b*c. 

5. 11a 3 + 55a 2 + 7a + 35. 

6. m«(a 2 + 6 2 ) - /, ? (a 2 + 6 2 ). 

7. .r(a 2 + 6 2 ). 

9. 2* 3 — x 2 + 2x — 1. 

10. /> 2 - qr — q + p*r. 

11. a 2 - 2a6 - 3ac + 66c. (U.E.I.) 



Ill 



12. Ha? 



- 22xy + 85y 2 . 

- la + 2. 

13. 4« 2 _ 16a + i 5 _ 

14. 20a 2 + 41a + 20. 

15. fte 2 - 9a — 28. 

16. 14£ 2 - 29/. -J- 12. 

17. I2« 2 + 19aJ + 56 2 . 

18. 26r 2 - 41;- + 3. 



. .. ! - 60ab + 366 2 . 
B. ii»m* J- 28w» + 4«s 
t. ^ 2 + 4£ + 4. 
' ?' - 8 ? + 16. 

R 2 - 2R +1. 



13. * 2 - 1 

14. 1 - p eX 2 

15. A - 4a 2 

16. 144j!> 2 - 



18. 

19. (p - 



- VP + q)~. 



). (« + *) 2 - a 2 . 

I. a 2 + 2a& + J 2 - e a. 

!• -r 2 -« 2 + 2«//- ( 'A ' 



, ^~fT H ' 5. 2« 2 + 14a + 24. 

3 ' m* + »»" 7. 20 + 36* - 8**. 

4. R 3 + 1. « 48m;e2 „ 



is by first factorising win re 



i\\prr,s rf-'C. fnliowir.s in their simple' ion:.t: 




Section F. Miscellaneous Exercises 
1. Factorise (1) 36.% 2 - 81y 2 . 

(2) 4x 2 + 5xy - 6yK 

(3) a 3 b - Sa 2 b + 2ab. 

(U.L.C.I.) 
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2. Write down each of the following and fill in the 
blanks : 

(1) (7-4 X IS') + (7-4 X «») = 7-4 ( ) -M 1 

( 2) « zb^zl?). 

(3) 3a 2 + 5ab - 26 2 = (3« 2 + 6a6) - (ab + ), 1 

= M ) — i( ), 

= ( )(a + 26). 
„ „, . . t (N.C.T.E.C.) 1 

3. The cast-iron base of a machine has the shape of an 
inverted open box a in. long, b in. wide, c in high overall 
the metal being / m. thick. Calculate the volume of metal 
m the casting m two, ways : (i) by subtracting the volume of 
the inner open space from the whole volume occupied- and 
(u) by computing and adding the volumes of the wall's and 
the'same° W ^ ^ * W ° eXpressions when simplified are ] 

If a = 36, b = 18, e = 6 and / = f, find the volume of 
metal in the casting, and its weight if cast iron weighs 
0-26 lb per cu in. fe 

4. Write down the algebraic expressions which indicate: 

(1) The sum of the square, of two numbers indicated 

by a and b. 

(2) The square of the sum of two numbers indicated 

by p and q. 

(3) The fraction obtained by dividing 3 by the sum 

of five and the squaie 01 imml i n,li ted 
by x. 

(N.C.T.E.C.) 1 
0. express m its simplest form each of the expressions 

(1) [(. l -+ > .) 2 -(^ + V 2 )]. 

(2) - K)(p _ ,J _ h p + Kj>] , 

(N.C.T.E.C.) 1 



i. Express in their simplest forms each of the expressioi 

(1) [(* + y)(» + v) - (yu + yv)] + x. 

(2) [(r + s)(r -t) + st]^r. 

(N.C.T.E.C.) 
'. Multiply a 2 - 2ax + 4x 2 by a'- + iax + 4* 2 . 

(Cannock.) 

!. Simplify the foil i >ress each result as 



(b) - 



- 16 



^(Cheltenham.) 

9. Factorise (i) «P + 12a6 - Ha 2 + y 2 Vixy - 46 2 . 

(ii) (2a + 36 - cY- - (a - 2b + c) 2 . 

(Handsworth.) 

10. Factorise: (a) 3x 2 — 1x — 6. 

(6) 16« 2 — 496*. 

(c) ab — 2b + 3a - 6. 

(Sunderland.) 

11. (i) Reduce the expression -r ^ to its simplest 
:rms and evaluate it when a = 27, b = 16. 

(ii) Factorise the expressions: (26 + a)' 1 — a 2 ; 
•- — 3x — 10; ax 2 + bx 2 — ay' 1 — by' 1 . 

(Sunderland.) 

12. (a) Simplify the expression 



(6) Factorise (i) 9a 2 - 166 2 , (ii) 2:v 2 - x - 21. 

(c) If x = a + 1 and y = a 2 + a, express y in terms of 

only. For what values of a are x and y equal? 

; ' (U.L.C.I.) 



13. (a) Factorise (i) 



14. (i) Simplify 
(ii) Simplify 



(Surrey County Council.) 



x 2 + xy — 6y 2 
without brackets, 
a single fraction 1 - 



(Nui 



15. Find the value of = if 5 



16. (a) Find the value of A if i = 2 + . 

P P p—q^p+q 
(b) What is the value of 5P. 

17. Simplify (3a - x)(a + 2x) - {(a - x) 2 + 2a*}. 
Express your result in factors. (U.L.C.I.) 

18. Factorise the expres- 



(1) 



JtD 4 Tui* 



(2) 6m 2 + 19m + 15. 

(U.L.C.I.) 



19. Evaluate with as little labour as possible 
8(23-7)2 - 10(23-7)(45-4) + 3(45-4)* 
4(23-7) - 3(45-4) 

(N.C.T.E.C.) 



4] 

0. Find the different"- bp" 



/ 



b) 2 {a + b) 2 
itate what this difference would approximate to if b was 
small compared with a that terms including b to the 
ond or higher power may be neglected. (U.E.I.) 
!1. Simplify 

(a + 6) a 



(2) ; 



- 2a 2 >• 



CHAPTER 5 
EQUATIONS 

i. In Chapter 3 it was shown how all the operations of 
arithmetic could still be expressed when letters were used 
m place of numbers to represent the magnitudes of quantities 
of any kind. Thus we could speak of m pence I tons y 
persons; and use these letters in algebraic expressions' as 
ireely as if we knew the actual numbers for win, i m, | t„ 
symbols stood. We now proceed to use symbols for the 
magnitudes of quantities concerned in problems and to 
incorporate them in statements relating to the problems 
This we can do just as readily as we could actual numbers.' 
In turn these symbolic statements may be used to show 
what values the symbols must have if the conditions of the 
problem are to be satisfied. 

Example 1. Suppose the quantity p shillings is taken to 
represent the subscription to a certain society, and that at 
four different centres the number of subscribers is respec- 
tively 54, 76, 32 and 48. P 

The amounts subscribed by these centres are 54* 76* 
32* and 48j6 shillings. P ' P ' 

If, further, we know that the sum raised is 420 shillings 
we can say that 5 ' ' 

54* + 76^ + 32^ + isp = 420 shillings '' 
tnat »s, 210* = 420 

Evidently, then, the subscription p must be 2 shillings, 

or P = fM = 2 shillings. 
The important point to notice is that the amount of the 
subscription is given in two different forms: 

(1) In the form 54^ + 76* + 32* + 48* • 

(2) as 420 shillings. 



54^> + 76£ + 32^> + 48# = 420 
Such a statement of equality is called an Equation, and 
A-hen there is no higher pou er U i 1 <> rst of the unknown 
mantity, it is called a Simple Equation, or an equation of 
the first degree. As we deal with a series of simple equa- 
tions we shall find that only one particular value assigned 
to the symbol will make the equation true. 

Example 2. A mm buys 24 (nickels of envelopes for office 
use, each pack, ' of 

envelopes. 

On two snciis-. , « ' •''>'• 10 a, J s ,\tct 

« , 1 

Uow many teere there in each packet? 
Original number of envelopes = 24m. 
Numbers distributed were 10m and 8m. 
.-. Tht numl n ) - 24m — 8m — 10m. 
But the number i em.iining is known to be 150. 
Hence we have the equation : 



Dividing by the coefficient of m, we find that 
m = 25. 

and this is the number of envelopes in a packet. 

2. Tin proces ol s-imv' 1 n and finding 

the value of the unknown is termed " Solving the 
Equation." 

This value is called a root of the equation and is said to 
satisfy the equation. The reason oi litis is. that if it be 
substituted in the original equation, both sides should be 
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equal, i.e. the equation is satisfied by this value. In this 
way the accuracy of the result may be tested. 

In general, equations require far more simplification 
than m those shown abc\ el 1 i u 1 it i , , NJ 
can be determined, and hem e it is necessary to call to our 
aid certain truths termed axioms. 

I. If equal quantities be added to two quantities 
that are already equal, the results will be equal. 

II. If equal quantities be subtracted from two 
quantities that are already equal, the remainders will 
be equal. 

III. Equal quantities, when multiplied -'or divided 
by the same quantity, will give results that are equal. . 



Example 3. Solve l)w equation S.v - 2:v + 3 3.,. _ \o 

Our problem is to find that value of *, and there is only 
stTtemtnt 1 ^ 11 ^ eqUation ~ that is - make the ab °™ 

The first step is to get all the terms containing x on the 
left-hand side (L.H S ) and th, , , 
hand side (R.H.S.). 

Applying the axioms set out above, we will subtract 
3x ^ nd 3 from each side of the equation. 

^ ^ 8,r - 2x + 3 ~3 ~3x = 3x - 3x + 12 - 3 

Comparing this with the original equation, we see that 
the same result could have been obtained bv transferring 
the + 3 from the L.H.S. to R.H.S. and changing its sign 
and also transferring the + 3x from the R.H.S. to the 
L.H.S. and changing its sign. 

If this be done we are, in effect, using the axioms stated 



In future examples quantities will be transferred ir 
ly simply by means of a change of sign. 



Verification. 

Substitute for * in the original equation 
Sx - 2x + 3 = 3x + 12 
L.H.S. = Hx - 2x + 3 

= 24-6 + 3 

R.H.S. = 9 + 12 
Hence the L.H.S. does equal the R.H.S. providi 
Example $. Solve f ; 



.2 + 7 



= 16f (Axiom III) 



Example 5. Solve 2(x - 5) - 3{x + l) = x+ 12. 
The first step ftere is to < Iear the equation of brackets, 
.id ' 1 in c -••■> 1 1 minus in 1 1 > 1 
it ,-, change of 1 11 tee:', 11 ill 1 tin- 1 



Example 6. Find, the value of x which make, M 1 f. 



Then 



Example 7. Solve 



- 3* = - 69 " i 

.-. x = 23 

Example 8. \\ />, , R w / ^ <>' . 

»/R = 18, a = 2-8 = 1-2. \ « / 

Substituting with the given values, we obtain the result 



18 x 2-8 = W(2-8 + 7-2) (Axi< 
that is, go-4 = 10W 

/. W=5-04 

Example 9. A velocity of V ft per sec is the s, 
J(5V - 45) m.p.h. Find the value of V. 

Miles per -hour can be converted into ft per ■ 
multiplying by ff (see Chapter (i, p. 116). 
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Then J(5V — 45) m.p.h. is the same velocity as 
J(5V - 45) ff ft per sec. 

Hence the \ cl 1 m two ways: 

V and £(5V - 45) f J 

Equate these and solve for V. 

Then V = J(5V + 45)ff 

that is, V = ff(5V - 45) 

Multiplying both sides by 45, the common denominator, 
we have: 

45V = 22(5V - 45) (Axiom III) 

that is, 45V = 110V - 990 

990 = 65V (Axioms I and II) 

.-. V = ^ = = 15-A ft per sec. 

Problems Involving Simple Equations 

3. The examples worked above illustrate the methods 
which can be employed in solving a Simple Equation when 
the equation is given. 

The importance of equations, however, really lies in their 
application to the solution of Problems, and in such cases 
it is necessary, first, to form equations which are con- 
sistent with the data provided by those problems. 

Example 1. A iulm i 2i im long. A 

strip 4-5 cm io <e end, and a second strip 

1-1.5 cm wide is cat off from the other. 

I i ii Uh of the 

plate if 1 sq cm of it weighs 0-9 gm. 

Let x cm represent the width of the plate. 

Then its area is 25* sq cm. 

Areas of strips cut off are,4-5x sq cm and 1-15* sq cm. 
Then area of remainder = (25* — 4-5s — 1-15%) sq cm. 
The weight of this is 0-9(25 x - 4-5*- - MS*) gm. 
But the weight of the remainder is given as 139-32 gm. 
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- 1-15*) = 139-32 



Example 2. What weight of tin must he melted nf v. 
48 lb of eoppt ii(t ' . li, , 

Let x lb represent the weight of tin added. 
Then the weight of the alloy is (48 + x) lb. 
The tin has to represent 16-5% of this, 

that is, ™> of (48 + ,) or g (48 + ») lb. 

But the weight of the tin in the alloy is x lb. 

••• *=K>+« 

that is, 100% = 16-5(48 + x) (Axiom I 

100a: = 792 + 16-5.T 
83-5% = 792 



Example 3. Example 13 on p. 43 can be restated as a 
problem leading to a simple equation for the height H. 

What is the he H ' 1 at p of diameter 

4 ' ' iar.h of diame! 

12 ii ift/h i * , 

the same as the t . nik> Remember that the 

circumference of a circle is given by the formula 2w, and 
the area by the formula ^r-. 

Since the thickness in the cup remains the same as the 
thickness of the blank, the combined area of the bottom 



But the area of the blank is k R 2 , where R = 6, 

that is, 36* sq in. 

Thus 4*(H + 1) = 36* 

H + 1 = 9, 

and H = 8 

The height of the cup is therefore 8 in. The very simple 
arithmetic involved in the solution of this equation arises 
from the values chosen for the two diameters. Numbers 
chosen at random would work out quite differently. 
Readers should make a clear dimensioned sketch of the 
cup and blank. 



Equations with Two Unknowns 

4. It frequently happens that the solution of a problem 
involves the use of more than one unknown. 

We now con -l m • . 1> m\ olve two unknowns. 

Suppose that 3 times a certain number added to twice a 
second number gives 24 as a result. 

Let N represent the first number and n represent the 
second number. 

Then 3N + 2n = 24 

If we endeavour to find the value of N in the usual way 
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This does not give the actual numerical value of N but 
a result which involves the other unknown n. 

1> «< ' i vain,-- .1 , v ,v i I 1 , ■ ,, , , t ,,f >; 

by substituting for n in the fraction. 

For example, let n = 3. 

Then N = B^l = 8 



If » = 4J. N = 



24- 



This method could be continued indefinitely, so that for 
every value of « there is a oorrespondine value of N, and 
there is apparently an endless numb j.^lu, 

Now, the original statement presupposes only one pair 
of values foi > , , 1 .'Ml, some further information 

11 be available in ler that thf bt j dr can be found 

This additional information will permit a second equation 
to be set down. The new farts might be that 8 times the 
first number added to the second number gives 21 as a result, 

3N + n = 21 

If now we take the value of N found in the first equation, 

viz. N = _-, and substitute this for N in the second 

equation, we have: 

f-W — 

a simple equation involving one unknown; 
that is, 24 - 2» + % = 21 

" ~ n = 21 - 24 
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Substituting n = 3 in the equation 3N + » = 21, 
we have 3N + 3 = 21 

3N = 18 

Thus « = 3 and N = 6 is the pair of values which satisfies 
both equations. 

Alternative Method 

5. These values for N and n can also be determined as 
follows. 

Rewriting the equations we have: 

3N + 2» = 24 .... (1) 
3N + « =21 .... (2) 

The difference between the two L.H. sides is n. 

The difference between the two R.H. sides is 3. 

These differences must be equal. 

Then from (2) 3N + 3 = 21 

3N = 18 
N = 6 as before. 
These values of N and » satisfy loth equations. 
It will be noted that in paragraph 4, by making substitu- 
tions in theirs* equation, we found that 
when « = S, N = 4} 
when » = 4i, N = 5 
These values satisfy the first equation but not the 
second. 

If N and » have definite values, any equation involving 
them must be satisfied by those values. 

We thus see that when two unknowns have to be found, 
we require two equations involving them. 

Further, three unknowns in a problem would require 
three equations for their determination. 
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Solution op Equations Involving Two Unknowns 
1st Method. Substitution 

6. Tn paragraph 4, when dealing with the unknowi 
N and n, we first found the value of \ in terms of « f ;o i 
the first equation. 

This value of N was then substituted in the second 
equation, the result being that we obtained a simple 
equation involving n only, from which the numerical value 
of » was determined. 

Knowing n and substituting its value in either of the two 
given equations involving N and n, we obtain on equation 
involving N only which is solved in the usual manner. 

This is known as the Substitution Method, further 
examples of which are given below. 



Example 1. Solve (1) 5x — Sy = — 37 

(2) 2x + Sy = 2 
From (1) 5x = 3y~ 37 

;hat is, x = ^ ~ 37 

Substituting this value of x in (2) we have: 



Substituting for y in (1) we have: 
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Example 2. Find the values of R ; and R 2 which will 
■ j\ tin equations 

(1) 0-5R x + 1-2R„ = 1-486 

(2) 4-5RJ - 2R 2 = 4-67 
From(l) 0-5Rj = 1-486 - 1-2R 2 

that is, R x = 2-972 - 2-4R 2 (Axiom III) 

Substituting for R t in (2) we have: 

4-5(2-972 - 2-4R 2 ) - 2R 2 = 4-67 
13-374 - 10-8R 2 - 2R 2 = 4-67 

- 12-8R 2 = - 8-704 
.-. R 2 = 0-68 
Substituting for R 2 in (2) we have: 

4-5Rj - 1-36 = 4-67 
.-. k\ = 1-34. 

2nd Method. Elimination 

7. It will be found that in certain cases of Simultaneous 
Equations, the Substitution Method is unnecessarily 
cumbersome, so that, where possible, the method of 
Elimination should be employed in order to shorten the 
working. 

This method was the one employed as an alternative m 
paragraph 5 in dealing with the unknown quantities N 
and «. 

Other examples are given below. 

Example 1. Solve (1) 3x + 2y = 12 

(2) x + 3y = U 
By multiplying equation (2) by 3 throughout we have the 
coefficient of x the same in "both equations. 
Thus 3^ + 2^ = 12 . . . (1) 

3* + 9y = 33 . . . (2) (Axiom III) 
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equatimfjt - j' he ™ lati ™ between R and t is given by the 
Find the values of a and b if R = 11-5 ah en t = 20 otf 
= 13-1 when t = 60. (U.L.CM.) 
If the pairs of values of R and t are substituted in the (riven 
relation, we shall obtain two equations involving a ana 6 
Thus (1) 11-5 = 20a + b 

(2) 13-1 = 60« + b 
Subtracting (2) from (1): 

— 1-6 = - 40« 
that is, 4 0a = i. 6 

:, a = 0-04 
Substituting for a in (1) we have: 

11-5 = (20 x 0-04) + b 
11-5 = 0-8 + 6 
:. b = 10-7 
/. the relation is R = 0-0it + 10-7 

Problems Involving Simultaneous Equations 

8 It should now be clear to the student that if a problem 
involves two unknowns, it is necessary, first, to build up 
two equations connecting them from the data which the 
question provides, and then to proceed as usual to solve 
these simultaneous equations. 

„ Ej[ ample 1. An alloy coiKaimng 7 cc of copper and 

r> ci of tin „ 

i-Sccofcoppn 

weight of I cc oj copper and 1 cc of tin. 
Let W s the weight of 1 cc of copper. 
Let w s the weight of 1 cc of tin. 
Then 7W + 5w = the weight of the first alloy. 
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Hence 7W + 5w = 98-8 .... (1) 

Similarly 4-5W + 3-5w = 65-6 .... (2) 
Multiply (1) by 3-5 and (2) by 5. 
We then have: 

24-5W + 17-5as = 345-8 ... (1) 

and 22-5W + 17-5w = 328 ... (2) 

Subtracting (2) from (1): 

2W = 17-8 
.-. W= 8-9 gm 

Substituting for W in (1) above: 
62-3 + 5w = 98-8 
5w = 36-5 
.-. w= 7-3 gm 

Example 2. In Mechanics it is often necessary to find 
|. - in .nil, hi ^ the two ends ol j In im dii\.n„ 
specified loads. This problem involves two unknowns (the 
two reactions) which appear in two simple equations. It 
is necessary to make use of the well-known fact that the 
„ ,,n . .41. m ..i moment if i foice about n axis i- t.iml 
by multiplying the force by its perpendicular distance 
from the axis. 

{ pi u k s u I dl 11 p <pi>t > 
, ' "> k His weight 

t c ' al ,o,u to tin 

has Indicated \Y hat are the two snpportn 

Let us call the supporting forces at ends A and B re- 
spectively R A lb and R B lb (using the letter R because it 

f. . first letter of the word Reaction). 

Now the plank rests securely upon its two supports. 
There is no turning about any axis at all. Whatever axis 
we choose, if we write down the turning moments about it, 
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they will add up to nothing. Let us choose O the centre 
oi the plank, as the point where a supposed axis of rotation 
intersects the figure. For this example let us neglect the 
weight of the plank, and let us write down the moments 
about the axis through O of all the vertical forces applied 
to the plank. If we measure forces in pounds weight, and 
distances along the plank in feet, all our moment products 



will be numbers of pound-feet. Let us regard the moments 
as positive, or +, if they tend to turn the plank " clock- 
plg'n moment must be nothing. Then, from 

The total moment about O = 0 
= Ra lb x 5J ft - 200 lb x Si ft - 250 lb X J ft 

oil * ^ . - Re lb X 5} ft 

all terms being m lb ft. 

That is: (R A _ R B ) x 5i = 700 + 125 



barls RA so nd RB UP t0 450 lb ' thS t0tal ° f the appUed 

Ra + Rb = 4S0 .... (ii) 



Adding the corresponding sides of the two equations— 
2R A = 600 
R A = 300, and from (ii) 

R B = 150. 

The above is the systematic method by forming tw 
equations in R A and R B . But R E could be eliminated froi 
the beginning' by choosing an axis through B for oi 



or Ra = ^jjp = 300 

EXERCISE V 

Simple Equations 

1. Find x when Gx = 4-5* + 18. 

2. Solve 1x + 10 = ix + 19. 

3. Solve 5(3* - 4) = 40. 

4. Solve 3x + 5 = x + (3* - 12). 

5. For what value of n is tin -- 7 equal to If — 
0. Solve for r, 12f - 6(r - 1) = 2r + 6. 

7. Solve (a) 4(x + 2) - 3(4 - x) + 24 = 34. 

(6) 5(x + 2) - 3(1 - 3) = 23. 

(c) 3(x - 1) - 4(2 - Zx) = 19. (U.L 

8. Solve (1 - x) - 3(* - 4) = 33. 

9. Solve for/, 2/ - 4 = 3(* - 1-6). 

10. Solve lor n, 2* - <>-5S(12 - «). 

11. Solve for n, 3(« - 7) = 6 - 4(3 - »). 

12. For what value of r is 18-4 equal to 2(3-5r — 



13. Find n when 15-8 = 

, 7-5 I 

14. Find n when — = 1 

, ., 18 „ „ 

15. FiBd C if T = a-8. 



56 



16. If C = R , (a) find V when C = 8, R = 4-5, 

(b) find R when C = 7-5, V = 60. 

17. For what value of x is 3(x — 5) equal to — ^ 
Solve the following equations : 



25. Solve for *, \(x + 3) - J(* + 2) = £(* + g). 

26. Solve for p, 3 ^±- 6 - 4 ? +J = 2 P + ? 

27. The three angles of a triangle are given in the form 
*°. (* + 3)°, (* - 9)°. If the sum of these be 180°, find 
the three angles. 

28. The perimeter of a rectangle is 44 in. If one of two 
adjacent sides be J -S in. longer than the other, what are 
the lengths of the sides? 

29. In the formula \ = - — I , if v = *u and / = 8 
find«. f v u " J 

30. If tl^P = + ? when p = 3 _ find a _ 

31. A rectangular box with square ends has its length 
10 in. greater than its breadth and the total length of its 
edges is 152 in. What is its width? 

32. If R 2 = Rj(24 - at - \ bt 2 ) find the value of a when 
t = 1-6, b = 3, Rj = 17 and R 2 = 26. 

33. Determine L from the equation: 

40L + 40(100 - 80) = (354-4 + 121-4 X 0-095)(80 - 20). 

(U.L.C.I.) 



34. Find the value of - given that 

_J! = ~A — (N.C.T.E.C.) 

2x + 5 x + 5 V 

35. Solve the equation j|^-f| = f (N.C.T.E.C.) 

36. Find the value of R from the following equation: 

(R - 3)(2R + 6) = 2R(R - 18). (U.L.C.I.) 

37. Two cars A and B are travelling on a road which 
runs east and west, at such speeds that at any instant, t 
minutes past noon, A is (30* — 220) yd east of B. At 
what instant is (1) A 110 yd easi of B, (2) A 100 yd west 
ofB ? (N.C.T.E.C.) 

38 " Four times the sum of a certain number and five, 
equals the result of subtracting four from seven times the 
number." Express this statement in algebraic notation 
and find the number to which it refers. (N.C.T.E.C.) 

39. Find the value of x when 

1 + 0-0042,- = 5 ^ 5 -|^- (U.L.C.I.) 



Section I 



Simultaneous Equations 

Solve the following equations for x and y and verify the 



x+y = 



x + 2y = 5. 
. x + iy = 6. 

2x :!• = - 15-|. 
. sx - 3y = 39. 7. 0-Ij + 0-2v = - 0-2. 

7x + 5y=-i. 1-Sx -04y = 10-6. 
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Section C 

Miscellaneous Problems and Equations 

1. Solve for P and Q I 

2P - 5Q = 2 
3P + 10Q = 8-6 

2. Solve for P and Q 

p + g = A 
p - Q = A 

3. Find the values of * and - which satisfy the % equatioJ 




4. In a technical college 150 students were attending 
e\enmg classes Soi idcd 2 evenings a week for 3 

i< > - emu. I the others 3 evenings a week for 2}- 
hours an evening. If m a week the total number of hours 
attended by the 150 students was 1042* how mam- 
attended 2 evenings and how many 3 evenings per week ? 

„ (Rugby) 

o. The wages of a plumber and an apprentice are in the 
ratio 2 1 fheir week! penditures are n the ratio 
13 : 6. If each saves lis. a week, find their weekly wages. 

6. («) Solve 6(* - i) _ 5 <* - 2) = 4 {x - 
(4) Simplify + ~ y Jyt- 

(c) In an isosceles triangle the base is two-thirds of one 
of the equal sides, and the sum of the sides is 40 in. Find 
the lengths of the sides. (Rugbv ) 
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7. (i) Solve the equation 

x-- + 3x + | = 0. 
(ii) Solve the simultaneous equations 




(Sunderland.) 



8. (a) Solve the equation 

2x - loy = 3* — 24y = 1. 
(6) Given R = A + g. and that when R = 8, v = 30; 
and when R = 12, v = 40, evaluate the constants A and B, 

9. It takes a car 15 min to overtake a car 4 miles in 
ftont of it If the cars we nil nils each other 
thev would meet in 4 min. What are the speeds of the 

™P (Coventry.) 

10. A rectangular brass plate 10 in. X 12 in. is t° have 
six bolt holes drilled in it of equal diameter Cal late th 
largest hole diameter possible if the area of material left 

it , lol ixi i 1 1 ii i 1 iwa y- 

(Nuneaton.) 

11 Solve the equation 2x - loy = 3x - 24y = 1. 

\o When an effort E lb is applied to a certain macninc, 
it is found that -it, 1< 11 - 1« — i. ome, and that 
F and R die i ' rmula E = a + 4R. 

In effort of 3-5 lb overcomes a resistance of 5 lb, while 
an effort of 5 lb overrun .Sib 

Find a and b and the effort required to overcome a resis- 
tance of 10 lb. 

13. y = a* 2 + bx>. When x = 2, y = 5-6 and when 
t = 3 y = 25. Find the values of a and 6. 

14 Find two numbers mi. tl t the first is 2 times as 
great as the second, and the sum of both numbers exceeds 
half the first by 36. (U.E.I.) 
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equatW ° f P P fr ° m the fo,lowin f 

P + ^}-10 
«P-(g)-. 
Hence find the value of P ^ ~ 2 \ (tj.e I ) 

16. Find the values of - and -, given that 

rr 13 



Then find the values o 
17. Sohe th i i i 



y + x 

(N.C.T.E.C.) 



H 4.RDER FORMULiE-CONSTRUCTION-EVALUA- 
TION AND TRANSFORMATION 

At the discretion of the teacher students may proceed directly 
he Miscella t i 

on p. 126. 

1. Construction of Formulae 

In Chapter 2 we dealt with the construction of simple 
formula We now proceed to more difficult examples. 



Example 1. If 1 «'«• = 2-54 cm, am 
express M kg per litre in lb per cufi. 

It is required to find the weight of J 
terms of M. 

1000 

(1) 1 kg = 1000 gm = jggrg lb. 



1 lb = 453-6 gm, 
;u ft in lb and in 



(2) S 



and therefore 1 cu ft 

= 2-54 3 X 1728 c< 
25-4 3 X 1728 ,.. 



Hence the problem resolves itself into finding the w 
of 2-54 3 X 1-728 litres in lb. 

Since 1 litre weighs M kg 

1 cu ft weighs M X 2-54? X 1-728 kg 

that is, 



Simplified, this result becomes: 

that is, 624 M lb. 

.'. M kg per litre = 62-4 ffl lb per cu ft. 
Example 2. Express a velocity of V m.p.h. in feet per 

V m.p.h. = 1760 x 3 V ft per hr 
1760 X 3„, 
= 601T60 V ft Per sec 

= fS V it per sec. 

Example 3. A rectangle has sides a in. and b in. long 
The Side of k , „ and tJmt . 

• '- ' < F.slal , cxfres <on 

(1) For the change in area. 

(2) For the approximate change in area if t is very 
small compared with a and b. (U.E.I.) 

(1) Original area = ab sq in. 



(2) If t be small, t" will be very small and can be neglected. 

Then C = at - U (approx..) 

C = t(a - b) 

Example*. Tin b, „l, „ ■ , f t ntLinjnla, block 
•:rc equal, lis ler.ph is jive lin : .,, Us hreanlh." Obtain ■ 
formula for its total surface area in terms of Us height. 

(N.C.T.E.C.) 
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Let the height be h units of length. 

Then the breadth = h, and the length = 5h units of 
length. 

lace consists of four rectangles, the length of each 
being 5h units and breadth h units, together with two 
squares each of whose sides is h units. 
Let S corresponding area units = the total surface 

Then S = 4(5A x %) + 1h? 

that is, S = 22& 2 . 



2. Evaluation of Formulae 

When the student requires to find the value of a formula 
corresponding to given values of the letters contained m it, 
he should carefully examine the formula in order to 
ascertain whether it is possible to change it to a form more 
suitable for calculation. 

This he can often do by employing some of those alge- 
braical operations which he has studied. 

For example, if it were required to evaluate 



where „ = 3 .142, R = 14-65 and r = 12-55, direct sub- 
stitution would involve tedious calculation. 

By using the methods of factorisation shown in Chapter 4, 
the formula can be simplified as follows: 
A = ttR 2 - tit 2 
.-. A = It (R s 

= 7t(R + r)(R - r) 

This is now in a much easier form lor substitution. Similar 
- i _s -nill be indicated in the worked examples which 

follow. 



ut, 1 1 A represents Ike um-md in ■> ; „/■„ v , v 

A ,/ P = 135, r = 4-5, ««rf ,t = 4. 
Substituting for the values given — 

A = 135(1 + ift) 
= 135 x 1-18 
Thus, the amount = /lfiB-3 



Example 2. Given that n = 3-142, D = 2 



= TC (D + fl{D - d) 

IB 

Then if d and D are lengths measured in feet, 
A = 15-01 sq ft. 

Example 3. Given that M = C/3 ~1 1 find the value of M 
»/C = 15«B<*i.= l-4. 9V3 J *| 

Factorising and multiplying both numerator and denomi- 
nator by Vi m ( i i i , i | the hoiking (see Chapter 1 
p. 23), we have: 



M 



_ na-i)V3 




= 1-8 approx. 



3. Changing the Subject of a Formula 

Now that we have dealt with equations containing one or 
two unknowns, and have established the rules governing 
-Jioir solution, we ran proceed to the manipulation of 
formulae which involve several quantities. 

Usually in a formula one of the symbols is expressed m 
terms of other symbols and each of the symbols has its own 
special use and meaning in the formula. 

The single symbol thus expressed is called the subject of 
the formula. 

Sometimes it is found necessary and convenient to make 
one of the other symbols the subject. 

The student has already seen simple examples of this in 
Chapter 2, but the following examples, which have been 
worked out in detail, deal with transformations of greater 
difficulty. 

Example 1. In a cvlmd = the height, r = 

radius of the base and S = the total surface area, it is known 
that 

S = 2w» + liah 
Express h in terms of the other quantities. 

Take the term containing h to the L.H. side and the 
symbol S to the R.H. side. 



lange signs throughout. 

2nrh = S-2nr 
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Divide by the coefficient of h. 



Then 




Kxample 2. // —L = _i_ _ _£_, oWat -„ 9 
formula for R, ife aa&e »*em t = 0-6. 

(U.L.C.I.) I 

, first simplify the R.H. side, making one 

1 _ 3(1 + f) - 4(1 - 

R — 1 HTTi 

1 _ 3 + 3t - 4 + it 

R-i 

i 1 _ 7?-l 

R- 1 - 1 =p 
Inverting both sides, 




that is, R = i — ^ + i 

_ 1 - f . + 7f _ 1 

It- 1 

7< - 1 7< - 1 

Making the substitution * = 0-6, 

R = 0- 6 (7 - 0-6) 



In this case 

Then 
that is, 
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This example could have been worked, as a first step, by 
multiplying throughout by the common denominator 
(R — 1)(1 — t)(l + t), but this method involves more 
operations. 

, _ 0-0007Z» 2 d ■ 

Example 3. Given that h = — j > express } in terms 

of E and v. State the effect on the value of j of: 

(1) halving the value of E,- 

(2) doubling the value of V. ^ ^ 

Divide both sides by O0007w 2 . 

E I 

Then mmfl _ d 

Inverting both sides and dunging over, 
d _ O0 007t' 2 
7 ~ E 

The denominator of the R.H. side consists of E only. 
Hence if E be halved, the whole fraction, and therefore j, 
will be doubled. If E be doubled, j will be halved. 

EXERCISE VI 
1. Construction of Formulae 

1. A rectangular piece of metal is a in. by b in. Its 
weight is c lb. W rite down expressions for: 

(a) The weight in oz per sq in. 

(b) The weight in lb per sq ft. 

2. The perimeter of a square is 4x + 16 in. Write 
down an expression for: 

(a) The length of one side of the square in in. 

(b) The area of the square in sq in. (U.L.C.I.) 
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3. Express a velocity of K cm per sec in miles per hour 
(take 1 km = 5 furlongs). 

4. Express x in.-tons per sec in ft-lb per min. 

5 Express (N.C.T.E.C.M 

(1 ) x knots in terms of ft per sec, given that 1 nautical 
mile = 6;080 ft, and 1 knot = 1 nautical mile per hr 

(2) p lb per sq in. in terms of gm per sq cm, given 
that 1 m. = 2-54 cm, 1 oz. = 28-35 gm. 

(N.C.T.E.C.) I 

2. Evaluation of Formula; 

1. Assuming that E = 4*lf 1 - h X find F if * = 3-142, 
I = 7300, h = 3-6 and a = 8-4, 

2. The current C in a certain conductor is given by the! 
expression I 

r 0-108 1 

Calculate C when r 1 = 8, r 2 = 10, r 3 = 12 and r = 14 

3. If W = 0-532a(D 3 - d 3 ), find its value when' i'= 6 
a = 10 and D 3 = 279-65. 

4. The relation between the temperature on a Fahrenheit 
thermometer and that on a Centigrade thermometer is 

- d by the I. rmula 1 _ j> C + 32. 
Express a temperature of 27-5° C. in Fahrenheit degrees. < 
r -ll C = RT7' flnd C wllen E = 16'5, R = 2-8, 

6 ' If C = !T7 find C if E = 17 ' 6 ^ts, e = 1-5 volts, 
R = 28-4 ohms and r = 2-6 ohms. 



Find t when / = 4,000, p = 500 and d = 8. 

9. If E = ^ rind E when W = 15-5, v = 18-8 and 

S lleing given that / = J% + f, find f 
when p = 12 and q = 8. v (U.L.L.l.) 

3. Changing the Subject of a Formula 

The student should note unlit care that for mules such as are 
■ -It -,c:th la Has charter ere valid only if the a'aa.-nMacs een- 
cermdan nua-a ' handing units. 

For a formula such as that for the volume of a rectangular 

it is only necessary that /, b and t should each be numbers 
of the same length unit, when it can be taken for granted 

such a formula, however, as the horse-power formula given 

-s 

the number 825 arises from the fact that E and C are 
measured in particular units, and these units must be 
employed in any application of the formula. In iact, the 
use of this formula implies That E and C are numbers of 
volts and amperes respectively, while the constant 825 also 
embodies some assumed value for the efficiency of the 

n if c = E ~ ^ find E in terms of the other quantities 
and calculate E when C = 100, e = 240, R = 0-05. 
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2. In the formula T = 7 ~ find 

(a) fm terms of the other quantities, 
(6) d in terms of the other quantities. 

3. The horse-power of a motor is given by the formula 

u EC i 
H = 825 

letters reSS thiS ^ a f ° rmUla f01 ' C in terms of the other 
4 If H = 0-Bd*(r + 1), express this as a formula for 

(1) d, (2) r m terms of the other quantities. 
5 - If a + jfZT^p = C - express this as a formula for n in 

terms of the other quantities. 

r R and E ^ ' = ^T^' ex P ress V in terms of 
State the effect on the value of V of doubling the value 
of E - (N.C.T.E.C.) 

7. The velocity V of water in a pipe occurs in the follow- 
ing formula : 

h = 0-03 ^ x ~ 

Change round the expression so as to make it more J 
suitable for the calculation of V. Then calculate V when 
h = 0-614, L = 168, D = i and g = 32-2. 

Without working out, state the effect on V of doubling 
the value of L. (U E I ) I 

8. Given 1 = 2- + ^ + i-, find R' 

when R, = 8-6, R 2 = 4-3, R 3 = 2. (U.L.C.I.) I 

9. Given 28t(fi - d) = find £ when i = 0-5, 



10. Given »V + 1 = NR. rearrange the terms so as to 
find the value of ». 

.-aJnilate » when r - <>-«2.>. N - 14. R - 2-73 

11. The stress / in the material of a thick cylinder is 
.riven by the formula 

»_ I fT? 

d ~ Nf-P 

(a) Express /in terms of the other quantities. 

(») Calculate f when p = 1500 lb per sq m., 
d = 9-75 in., D = 19-75 in., and state the 
units in which / is expressed. (U.E.I.) 

12. The lifting force of an electro-magnet is given by the 




where F is the force in lb, A is the area of the pole face in 
sq cm, and B is the flux density in lines per sq cm. 

(1) Change, the formul i round to express B m terms- 

of the other quantities. 

(2) Find the value of A when F = 85-6 lb and 

B = 10,500. (U.E.I.) 

Js GiVeD ^ " = + 6XPreSS ' "e^ " 
''"u ' Given a(P - JQ) = HQ - |P) rearrange the terms 
s , as to express V in terms of the other quantrtres. From 
the rearranged - n t > . / P 1 

a = 3, b = 1-5 and Q = 2 70-5. (U.L.C.I.) 

15. (a) Given S = J^f^- find the value ° f * 
when S = 2 and L = 45. 
(b) Given I = And the value of » when 

I = 2, E = 1-8, R = 2-4, ' = 0-5. (U.L.C.I.) 
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16. Given that 




Find the value of u when s = 80,/ = 32, t = 2-5. 
„ Tt c ' (N.C.T.E.C.) I 

ll. the amount of sag d in a beam under certain kwliiw 
is given by the expression 

, 

~~ 48EI 

Change round the formula so as to express I in terms of 
the other quantities. (U E I ) 

18. The diameter (D in.) of a shaft subjected to twisting 
stress occurs in the following formula: 

Change round the formula so as to express D in terms of 
the other quantities. (U E I ) 



Miscellaneous Exercises 

Mainly from examination papers set in connection with 
National Certificate courses. No. 1 is, however based 
upon a C.GX.I. Intermediate examination question. 

1. Washers (metal discs pierced with a central hole) are 
often made from sheet metal in a punching press. A large 
number of washers is required whose dimensions are to 
conform to the formula D = 1 Id + i where D and d are 
the outside di tmetei , ij„ ii lme ter of the hole respec- 
tively, both being measured in inches, since otherwise the 
term J would be meaningless. The makers know from 
experience that to secure an accurate punching a clearance 
of I in. must be left between am two discs, and between 
any disc and the edge of the sheet or strip. For each of 
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the following cases, Figs, (i) to (iv), make a good-sized clear 
sketch showing with all necessary dimensions the lay-out 
of the washers, and build up a formula giving as a percentage 
the ratio: 

Weight (or area) of metal sold as w ashers 
Weight of metal in original strip or sheet 




Work out the actual percentage for washers having 
lxVin. dia hole (to give a clearance when slipped over 
1 in. dia bolts). 

Particulars of Figs, (i) to (iv) 
Fig. (i). The material is steel strip just wide enough to 
give the necessary clearance on each side of a single disc, 
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and so long that the interruption of the pattern at the ends 
need not be taken into account. 

Fig. (ii). The material is stool strip wide enough to 
contain two discs staggered as in the figure. Again thel 
ends need not be taken into account. 

Fig. (iii) and Fig. (,v). The material is in quite large 
sheets, so large that the interrupted pattern at the edges 
need not be taken into account. (C. G.L.I.) 

2. Devise a formula for the length I ft of § in. dia bar! 
which can be rolled from a billet a in. long and b M 

3. An angle section J in. x J in. x J in. is " extruded "J 
trom an alun n i I m dia by I in. long. Whal 
is the maximum length that can be obtained? 

4. Make * the subject of the following equations: 

(b) y=~ (a? - x 3 ). 

(c) y = + 1). (Rugby J 

5. The formula for the time of swing of a simple pendulum 
is T = 2nJ-. Find L when T = 10, te = 3-142, g = 32-2 

_ . T (Coventry.)* 
b. A cylinder and sphere have equal volumes. The 
radius of the sphere is equal to that of the cylinder. Find a 
formula for the height of the cylinder in terms of the 
radius R. (Coventry ) 

7. If s = Wf ! + h i , find h in terms of it, s and r. 

(C annock.)'f 

8. (i) If h = r - v'r 1 - a"-, show that a = Vh(2r - h). 
(n ) If s = ut + Igf 2 , find g in terms of the other quanti- 
ties, and its value when s = 132, u = 12-5 and t = 2-5. 

(Sunderland.) 
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9. The nominal horse-power of a motor car is given by 
H _ where n is the number of cylinders and d the 
diameter of each cylinder in inches. Find the diameter 
of each cylinder of' a four-cylinder engine of 11-9 h.p. If 
the diameter of each cylinder i; increased by 10%, find the 
extra horse-power developed. (Sunderland.) 

10. (a) If E = d + -2j. 2 . develop a formula making Q the 
subject. 



,e following equations : 



>f I and /. 



11. (a) Ii, _ T - find the valu 
ofM.g.aandi. (M + lm)g 

(b) (i) Express as a single term : 

p- x p & X p~*. 
(ii) Simplify giving answer with positive 
(x 2 . Vyf x (Vx .y 2 )~ 2 

12. Rearrange the formula 



13. (a) Eliminate v from the equations v = u+ft and 
d 2 = m 2 + 2/s and hence find an equation giving s in terms 

Find the value of s when u = 40, t = 3-5 and / = — 32-2 
{b) The angle of a regular polygon of re sides is given by 

8 = 2(90-*?°). 

Make « the subject of this formula and find the number of 
sides of a regular polygon whose angle is 105°. 

(E.M.E.U.) a 

14. Given that (j> + * )(, - i) = 1 4- _L calculate the 
value of the temperature t when * = 42-5 a = 0-00874 
b = 0-0023, v = 0-01. (Dudley.) ' 
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1. In presenting and comparing quantities of the same 
kind, advertisers i.nd - 1 > 1 nth resort to 

pictorial illustrations, which, at a glance, afford the pubhc 
an easy means of understanding and appreciating the 
deductions to be drawn from those quantities. 

For example, the populations of various countries may be 
compared by means of areas of squares. Exports in various 
years may "be shown by rectangles of equal base, but of 

1 his iright Verti il lines mv b< used to make a 
comparison of varying temperatures, and so on. 

Example. Practically everyone is familiar with what we 
call a temperature chart. See Fig. 23. 

The table a f>p - ■ the temperature of ike air 



The two lines OX and OY are called the axes of reference. 

On OX take points at equal distances to indicate the days 
and draw the vertical lines to illustrate the temperatures 
corresponding to those days. In such a chart it will be 
noticed that the points which mark the temperature levels 
are joined by a series of short lines. 

, ) . i« - • 1 1 • n M'.i ' 

showing the actual temperature, does convey pictorially 
some idea of the rises and falls in temperature. 



In order to make the differences in value as pronounces! 
as possible, we choose a fairly open scale for the vertical, 
axis by starting with 4 millions at 0, as the values we have 
to deal with lie between 4 and 6 millions. 

Corresponding to the years, mark the points which give 
the values of the goods according to the vertical scale and 
connect these point; by a line drawn as evenly as possible. 

An examination of this graph shows a rather sudden drop 
in values from 1950 to 1951. From 1951 to 1952 the fall 
is continued but not so rapidly, followed by a slight rise, 
and then a slight fall in 1953 and 1954. 

From 1954 to 1955 there is a somewhat abrupt rise. 

Evidently the rises and falls do not follow any set plan, 
or obey any definite rule. 

. Example 2. The average weight of boys of different ages 
is given in tin / ,■ r 



As in the previous case, draw two axes at right angles, 
indicating the age on the horizontal axis (Fig. 25). 

Since the weights range between 80 lb and 115 lb we 
can make 75 lb the starting value at O for the vertical axis. 

This curve does not present the irregularities we have in 
Example 1. There is a general tendency for the curve or 
graph to rise, year by year, from the lowest value to the 
highest, so that in some way or other the weight depends on 

This is clearly a case which exhibits a certain degree of 
regularity, and, that being so, we can employ the curve to 
'-di! weights • ■ i -j 0 i i_ to i r i, i ', a . 

For example, if we take the age of 12} years, find the 
point A on the graph which corresponds and then the point 



C on the vertical scale corresponding to A, we liud that 
boy 12} years old will on the average weigh 88-3 lb. 

Using a curve in this way to find values which have n 
been given, hut which arc derivable from the curve itse 
is called Interpolation. 




It must he noted that it is the regular tendency of the 
curve which points to the probability of these intermediate 
values being more or less correct. 

Also if we extend the curve and follow its general trend, 
we may find the point which probably indicates the average 



The point B thus found inch 
weight of 130 lb at the age of 16 

Finding a probable value ' ' 
polation. 




Example 3. Now let us take an example from Experi- 
mental Data. 

Below an git ' , , -nude which will 

dissolve in a given volume of water at a certain Umpei • 
Draw a graph to illustrate. 



Proceeding as in the previous cases, we obtain the 
graph as shown (Fig. 26). | 
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This graph is characterised by a steady rise from left to 
right, and forms approximately one straight line. 

Such irregularity as exists is very slight, and may be 
ascribed to experimental errors. Evidently there is some 
law connecting the amount dissolved with the temperature; 
in other words, the amount dissolved depends m some 
definite way on the temperature. 

By Interpolation from the graph we find that at 32 
proximately (sec point k\ 3-55 gm will dissolve. 

Extending the graph as in the previous case, we also find 
that at 70° (B) the amount which will probably be dissolved 
is 4-5 gm. 

Examples In the tahl, ld< • n lengths of wire 
1, c lonespondmg 

resistances in ohms. 



Draw the graph and find the resistance for a length of 155 

In this case we will take our starting-point on the hori- 
zontal axis at 100 yd, and proceed as in the previous 
cases (Fig. 27). 

The points plotted from the data are seen to he on a 
straight line which runs uniformly from left to right. 

Evidently the number of ohms depends on the length of 
the wire, and the two variable quantities must be connected 
by a definite law. 

Example 5. T! t ' > ' 

Draw a graph to sho t <' ics and th 
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3. Sufficient examples have now been given to show that 
the plotting of statistics, or observations, may produce 
graphs which can be divided into three groups: 

(1) Those which possess no regularity, and which do 
not follow any definite law. 

(2) Those which appear to show some connection 
between tie two sets of values, and in which there 
seems to be dependence of one set of values on the 

(3) Those which give a straight line, or a definite 
regular curve, and so point to the existence of a definite 
law. 

When such a law exists, one set of values depends 
entirely on the other set, value for value. 

We may now deduce that every straight line or regular 
curve obtained by plotting values of two variables one 
against i other is e\ n t delmi 1 m < ni i 
the two variables. 

We see also that if we are given a law which connects two 
variables, we can draw the straight line or regular curve 
which corresponds. 

4. From the graphs so far considered, in which a law of 
some kind connects the two quantities plotted, we may in 
general conclude that one of these quantities depends for its 
value upon the other. 

Thus in Example 5, the distance travelled depends upon 
the time; in Example 4 the resistance depends upon the 
length of the wire. Of the two variable quantities the one 
which is thus dependent upon the other is called the 
dependent variable, and the other is called the independent 
variable. 

When we generalise it is usual to denote the independent 
variable by x, and the dependent by y. 

On the actual graphs it is customary to mark values of the 
independent variable * along a line such as OX (Fig. 28), 



For example, AL = 20L for the point A, 
and CD = 20D for the point C. 

Hence we say that the law connecting x and v for the line 
MN is y = 2x. 

Case III 

If now we have a line EK parallel to that in Case II 
(Fig. 31) but which has corresponding points moved up 10 
units, we see that the y value is 10 units greater for the 
same x value. In the same figure, A has moved up to the 

point R. J 

Thus RL = RS + SL 

an d RS = 2SP = 20L = 2x 

and SL = 10 I 

/. For this line y = RL = 2x + 10 

Similarly the line FB parallel to these, and passing 
through the point - 10 on the line OY, would be expressed 
by the equation 

y = 2x - 10 

Case IV 

In Fig. 32 the line MN bisects the ZX a OY and slopes up- 
wards to the left. For the point A on it the x value = 1 
-10 and they value = + 10. 

Similarly for any other point. 

Hence the law lor the line MX is y = - x. 

Then, as in the previous rase, the equation for the line 
SR which is parallel to MN and with corresponding points 
moved up 10 units is 

y = - * + 10 
Similarly the line KL, whi< h is paralL r, >tK and SR and 
which passes through the point — 5 on the axis OY 
would be expressed by the equation 

y = - x - 5 
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5. These examples could be multiplied indefinitely. 
Finally by genei ilis n f i - e that all straight lines drawn 
with reference to axes in this way show a relation between 
two variables which are connected by a law of the form 




It will be seen ihat b is given by the distance on they axis 
between the origin and the point where the straight lme 
cuts that axis n. ik-fl h is c ailed the intercept on 
the y axis. 

The meaning of m will be apparent later (see Chapter 10). 




146 



CERTIFICATE 



mx + b is of the first degree in x and y 
, . „, u m C readily seen that the converse of the above is true' 
Thus if any equation connecting two variables x and y is erf 
the first degree in these, the graph obtained by plotting corre- 
sponding values of v and y will always be'a straight line 
Hence the law connecting two quantities, one of which is 
dependent on the other, and the graphical expression of 
winch is a straight line, is called a Linear Law. 




Draw axes XOX, and YOY, at right angles as shown 
(Fig. 33). From the origin 0 set off units to any desired 
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scale. The units need not be necessarily the same on each 

Since the equation y = 1 -5x - 3 is a definite statement of 
the relation existing between .v ami v. for any assumed \ alec 
of x we can find the corresponding value of y by sub- 

Stl This has been done, and the result of the substitutions is 




Each pair of values of v and y gives one point on the line, 
and in this case, in order to assist the explanation, each 
point has been denoted by a letter A, B, C, etc. 

In plotting these points it must be remembered thai 
the x value is measured to the right or to the left of they 
axis, and the y value is measured above or below the x 



Point A. Since x = 0, it must lie on they axis, and since 
at the same time y = — 3, it must lie 3 units below the 

% Point D. Since x = 10, it must lie 10 units to the right 
of the y axis, and since y = 12, it must lie 12 units above 

Point E. Since x = - 2, it must lie 2 units to the left of 
the y axis, and since y = - 6, it must lie 6 units below the 
x axis, and so on for the rest of the points. 

We say that A is the poirit (0,-3) and the values 0 and 
- 3 are called its co-ordinates. They are placed within 
brackets as shown for every point thus indicated. 



148 NATIONAL CERTIFICATE MATHEMATICS [VOL. I 

Similarly the co-ordinates of D are 10 and 12, and D is said 
to be the point (10, 12). 

The line passing through all these points A, B, C, etc., 
thus determined will give the required graph. 

It is very important to realise that the equation of the 
line is satisfied by the co-ordinates of any point on the line- 
that is, if they are substituted in the equation the two sides 



z. Show by a graph the relation between x and y in the 

Dividing each term by 2 and rearranging, we can put this : 
equation into the standard form. This also renders it 
easier for substitution. 

Then y -j- \ x = 4 

that is, y = _ %x -f 4 

At this stage, it may be as well to point out that since we 
know that we are going to get a straight line, three points 
will be sufficient for our purpose. The third point acts as a 
check on the other two. 

The table and the corresponding graph are shown in 
Fig. 34. 



The points A, B and C are plotted as shown in the 

The student should note that this graph runs downwards 
from left to right, and correspondingly the coefficient of 
v. namely — f, is a negative quantity. 



Compare this with Example I, in which the graph rui 
upwards from left to right and the coefficient of x is positiv 



7. To Find a Graphical Solution to Two Simultaneous 
Equations of the First Degree 
Example. Solve graphically (1) 2y + x = 5 
(2) y x - 1 

We have seen that to solve these equations we need to 
find a pair of values of x and y which will simultaneously 
satisfy both. 

We have also seen that if we draw the graph of one of 
these lines, we can find any number of points whose co- 
ordinates will satisfy the equation, and so for the other 
line. If now we draw both lines on the same diagram, and 
find that they intersect, then the co-ordinates of this point 
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will satisfy both equations simultaneously, and give the 
solution which we require. 

We can then proceed as follows: 

Divide (1) throughout by 2 and rearrange both equations 
Then (I) y - _ i x + 2 . 5 

(2) y = x + 1 

Adopting the plan explained in the previous section, we 
get the lines MN (Fig. :(.:,) , which is the graph of y = x + 1, 
and RS, which is the graph of y = — \x + 2-5 or 

2y + x = 5. 



These two lines intersect at the point P, whose co- 
ordinates are seen to be (1, 2). 
That is, at P x = 1, andy = 2. 

Now, P lies on both straight lines and therefore its 



co-ordinates satisfy the law for each of those lines— that 
is, x = 1 and y = 2 satisfy the equations 2 : y + * = 5 and 

" This can be confirmed if the equations are solved alge- 
braically. 



8. Given a Straight Line, to Determine its Equation— 
that is, the Law Connecting the Two Variables 
Example. 

Let MN (Fig. 36) be the given straight line whose equation 
in general form is y = mx + b. 



Y 




We have to determine the constants m and b. 

Now, the co-ordinates of any point on this line satisfy the 

CqUatl ° n y = mx + b 
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Take two points A and P not too close tot, 
positions where the co-ordinates can be easily 

(1) The co-ordinates of A arc (20, 15). 

(2) The co-ordinates of P are (— 15, — 
Using these values and substituting in y = 

(i) 15 = 20m + * 



Subtracting, 
Substituting ii 



Hence the required law is 



■ Also KR = « = i . 

Further, take any point C in the graph and draw CS 
any distance parallel to the y axis. Then draw SB 
parallel to the x axis, meeting the graph again at B. 
In this case § • * = J. 
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This result is the same wherever C be taken. The 
fraction i, which is a constant for the line, and which is seer, 
to be equal to m, the coefficient of x, is called the gradient of 
the line MN. 

The angle 9 which the line MN makes with the axis <>i r 
measured in the positive direction is called its angle of 
slope. This angle can be correctly measured only when 
the units are the same on both axes. 

In Fig. 33, for example, the intercept on the y axis is 
— 3, and in' the form in which the equation is written 

Again, the coefficient of * is 1-6 and ~ = \- = 1-5; 

This then, is the gradient of the line. 
It follows from the above that the equation of a line can 
be determined when we know 



We must however, note that this alternative method is 
best adapted to the rkoie Hin, ' . a^ m 1 th< se in which 
the values of the variables can be easily obtained from the 

given graph. 

Example 2. To fin I t> t it i I traight line m 
Fig. 37. 

Let MN be the given straight line (Fig. 37). 
In this example take two points, A and P, as before. 
Their co-ordinates are (-3,3) and (1 -5, - 3) respectively. 
Then, subst ' lation y = mx + b, 

WehaV6 (1) 3 = -3m + 6 




Hence the equation for the line is y = — %x — 1. 

The intercept OL = — 1, and the gradient is — f, a 

negative quantity- 
It will be seen that in this case the line MN makes an 
i 1 0 with * | direction of the axis of x , 

is greater than 90°. 



9. Equation of a Line from Experimental Data 

This method of determining the law connecting two 
variables as illustrated in the last two examples can be 
applied when we are furnished with data which are believed 
to be connected by a linear law. 



Example 1. h a s t , 

n f>r 7 ' L " 11 "■' ' 

raise a load W lb was found to be as follows: 



Show these values on a graph and determine the law which 
* uhen the load 

is 25 lb. 

Examining the data, and noting iiei iximum value to be 
shown in each case, we ran take 0-5 in. on the horizontal 
axis to represent 10 lb for the load W, and 0-25 in. to 
represent 1 lb for the effort E. 

Then plot the points as shown (Fig. 38). Since the data 
are demed fiom experim ntal i ! light deviations 
from a straight line are to be expected. If any one or two 
points are definitely not in accordance with the majority, 
the experiment should be repeated if possible in order to 
check them. 

A straight line should be drawn to take m as many of the 
pom1 ,„wl.l. ....tilimlliit u li ild be so drawn 
that the points are fairly evenly distributed on either side 

We now take on this line, two points A and B which are 
suitable for reading off the values. They will not neces- 
sarily be any of the points actually plotted, and it is 
advisable to choose them fairly wide apart. 
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EXERCISE VII 

speeds is as follows : 



Show by a graph the relation between speed and pressure. 
Find the pressure when the speed is 4.1 m.p.h., and the speed 
when the pressure is ;) lb \vt per sq ft. (N.C.T.E.C.) 

2. The pressures at different depths in a certain liquid are 
found to be as follows: 




Show graphically the relation between pressure and 
depth. From the graph obtain— 

(1) The pressure at a depth of 11 in. 

(2) The depth at which the pressure is 43-5 lb per 
sqin. (N.C.T.E.C.) 



3. The following table gives the tapping sizes for Whit- 
worth threads up to 1 in. diameter. (The tapping size is 
the diameter of the hole drilled to permit the thn dm i] 
to enter.) Determine the law T = «D + b connecting 
Tapping size T with screw diameter D. 



~D in. I i i 1 i ~] J 1 




(Coventry.) 



om the graph determ 
(a) How many degrees F correspond to 30° C. 
(6) How many degrees C correspond to 41 ° F. 

(Coventry 

5. The velocity of a body at intervals ol 1 sec ov< 
period of 7 sec is given by the following table: 



Draw a graph of v against /, and from it find the 
distance travelled by the body during the 7 sec (this is 
given by the area under the graph) by a method other than 
counting squares. (Cannock.) 

6. In an engine test the value of the indicated horse- 
power I, and the brake horse-power B, were as follows: 



s of a graph that B = al + b, an 
ir graph the values of a and b. 

(Cannock.) 




7. The length I in. of a helical spring when supporting a 



Plot a graph, with I measured vertically, and find (i) the 
length of the spring when no weight is attached; (ii) the 
length when a weight of 7-8 lb is attached; (iii) the equation 
connecting I and w. (Sunderland.) 

8. The amount of stretching 2 in. which takes place in a 
steel bar, when subjected to varying tensions T lb wt, is as 
follows: 



Draw a straight-line graph which appears to correspond 
most closely with these measurements. (Choose 1 as the 

Find the probable stretching when the tension is 300 
lb wt, and also when it is 650 lb wt : and find the probable 
tension when the stretching is 0-45 in. 

Find also the equation connecting 2 and T. 

(Sunderland.) 
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The table shows value* of the length of a rod at various 
temperatures. Plot a graph of L against t (t horizontally) 
choosing suitable scales. 

If the law is L = a + bt, find the value of a and b from 
the graph and hence the straight-line law connecting L'| 
and t. (Coventry.) fl 

10. When current is taken from a primary cell the 
internal resistance of the cell causes a drop in the terminal ' 
voltage. During a test the following values of the output 
current I and the terminal voltage K vera obtained: 



iraph : . . i ;a ai he-.vv.-n [ and V. and 

i i t( ll ll tin 1 ii i mi a i ' - 1 

What would be the value of the terminal voltage when 
no current is taken from the cell? (Nuneaton.) 
II. In a test on a steel bar the following values of load 

V ,, I . ' a . i - i . tl ■ v iha i. 

missing. 



W and E are thought to be related by a law of the form 
E = aW + b. Show graphically that this is so and find 
the values of a and b. 

Insert the missing values in the table. (E.M.E.U.) 

12. Plot the points (7, 9) and (- 3, 5) and find the 
co-ordinates of the middle point of the line which joins 
them. 
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13. Draw the straight line which p£ 
points (3, 2) and (— 2, 1) and find its ii 



m of the pair of -tr lia'hi 
incs in each case. 

(a) 2y = - x + 12, and y = \x - § . 

(b) y = Bx + 4, and = — x + 2. 

(c) iy — ix = 12, and x = 2. 

16. Draw lines through the following pairs of points and 
letermine the law connecting .v and y in each case. 

(a) (3, 5) and (-5,-2). 

(b) (- 1, 10) and (2, - 4). 

17. The following table gives values of x and y which are 
connected by a law of the form y = ax + b. 

Plot the corresponding points and draw a straight line to 
lie evenly amongst them, and from this line determine the 
values of a and b. 



18. In certain experiments carried out with a machine, 
the effort E and the load W were found to have the values 



as set out below. The law connecting E and W is of the 
form E = «W + b, where a and b are constants. Find this 
law by drawing the line which lies evenly between the 

points. 




Work out the fraction ^ for each pair of values. Add 
these quotients as a line to your table and plot them against 
W. 

19. In a series of experiments to determine the friction 
F lb between two metallic surfaces when the load is W lb, 
the following results were obtained : 




Assuming W and F to be connected by a law of the form 
F = aW + b, find this law by drawing the average straight 
line between the points. 

20. The velocity v of a body at the end of an interval of 
t sec was found by a series of experiments to be as shown 
below : 




If v and t are connected by a law of the form v = u + at, 
find n and a. 
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21. Tests carried out t 1 l hum I in h 
of rolled copper at different temperatures (t) gave 

























Plot to as big a scale as the paper will allow S ve 
md t horizontally. Write down the scales used 


X-m 



3 lie 



enly a 



obtained. From the diagram find the connection between 
S and t in the form S = a + bt, where a and b are numbers 
and determine the values of a and b. (U.E.I.) 

!■>. In an experiment on a crane the load lilted (W lb) 
and the corresponding effort (K lb) required were found to 
I),- as under: 



Plot to as large a scale as your paper will allow E vertically 
against W horizontally, draw a straight line to lie evenly 

Using the diagram and assuming that E and W are con- 
nected by a law of the form E = dW + b, where a and b are 
numbers, find the values of a and b. (U.E.I.) 

Referring to exercise is plot also a graph to show the 
relation between ~ and W. 

ious temperatures * is 



Draw a graph showing the relation between V and t, and 
determine its equation in the form V = at + b, where a 

What would be the volume when t = 0? (U.L.C.I.) 

24. Set off on squared paper two axes of reference, OX 
horizontally and OY vertical!}'. 

Plot the point (1, J) and mark it P. 
Through P draw lines PA. PB and PC the gradients of 
which are respectively 2, 1| and J. (U.E.I.) 

25. (a) State which of the following functions will give 

straight line graphs: "; 5(x — 2); ~; 1 — x; x 2 + l; 
3 - ix; 2x(x + 2). * 2 

(b) Draw straight lines through the point (0, 1) whose 
gradients are J, - 3, 1-5, - f. (N.C.T.E.C.) 

26. State which of the following functions will give 
straight-line graphs, and which will not: (x + l)(x + 2); 
gji 2-5x; 0-5(*-3); x 2 + 2; 1-7*; ^4^- 

(N.C.T.E.C.) 



INDICES — LOGARITHMS 



. The Index Notation 

We have seen in Chapter 3 that «' is a short way devised 
n Algebra for writing a x a X a X a. The figure 4 is 
;m index, and indicates the number of factors. 
Generally a" means a x a X a X a . . .ton factors and 

<» is ca/fa2 iAe m 1 " ^o^ec o/a. 



:. Laws of Indices 

The laws regulating the use of Indices have been briefly 
miched on in Chapter 3. We must now consider them 

nore fully. 



(1) Law of Multiplication 

We have already seen that since 
a 5 means the produc 



Clearly this will always be true whatever powers a 
taken, provided they are positive integers. 
.'. If m and n be positive integers 



(2) Law of Division 



n division the three factors of a 3 cancel with three 
ve factors of a 5 
.-. there are left (5 - 3) factors, each of them a. 



It will be seen that the same method may be applied for any 
powers of a, provided that the index of the divisor be less 
than that of the dividend. 

Hence in general if m and n be positive integers 



(3) Law of Powers 

Suppose we require to find the value of (a 5 ) 3 , 
mean that we require the third power of a 5 . 
By the definition of an index (a 5 ) 3 means a 5 ; 
But by the law of multiplication 
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The same kind of reasoning will follow in other cases, and 
so generally, if m and ;/ are positive integers 
(«")" = «'"" 

The student should now work Exercise VIII, Section A, 
p. 187. 

3. Extension of the Meaning of an Index 

The student will readily sunderstand how useful and 
important indices are in Algebra. He will note that so far 
they have been restricted to positive whole numbers only, 
and the meaning given to such a quantity as a" is un- 
intelligible except on the supposition that n is a positive 
integer. But we will now oonsidei tin \< ssibility of extend- 
ing the uses of indices so that they can have any value. 

The student may already have noticed one instance 
which will be among those we shall consider in detail later. 
If we divide a 3 by «* and write this down in the form 

a X a X a ^ wg obtain on cancelling — * — or ~ 

If a 3 be divided by a 5 according to rule we have 



Consequently it appears that a'' 1 means the same thing 
as — or the reciprocal of a-. 

Thus it appears that a meaning can be given to or 2 
by application of the rules developed for the case when the 
index is a positive whole number. We are therefore led to 
consider what meanings can be given in all those cases in 
which the index is not a positive integer. In seeking these 



meaning:-, of an index tiicrc is one fundamental princi 
wlii'* will always guide us, viz.: Every index must obey 
In otl 

words, we will assume that the laws of indices, as discovei 



4. Fractional Indices 

We will begin with the simple case of a*. Since, b\ 
aim c principle, it must conform to thel iws of Indices, 
applying the law of multiplication 



.'. « s must be such a, quantity that, on being 
by itself, the result is a. 

.". «= must be defined as the- square root of a 

Similarly 



ai must dc defined us the cube root of a. 
le argument may be applied in other ce 



Similarly 
id generally 
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1'lie student \ II . 1 i mill indices ca 
n, vulgar fractions and defined accordingly. 



. To find a meaning for «° 

I it n- t i 1 \ - i foi Indices, 



i. Negative Indices 

To find a meaning for a~ n 

a~ n X «" = a~" ' n (first law of indices) 



We may therefore define a~" as the reciprocal of a". 
Examples. 



Example 1. If \/2 = 1-414 . . . find the value of ■>;. 
23 = 2 1+ l — 2 x 25 (first law of indices) 

= 2 x V2 

= 2 x 1-414 = 2-828 

Example 2. // v'JO = 3-1623 . . . find the value of 10" » 

"' io v',o 

_ VlO _ 3-1623 
~ 10 ~ 10 



The student should mm- work Exercise VIII, Sectioi 
p. 188. 

7. A System of Logarithms 

These extensii is o£ t ust in.iicesto ill real value 
of great practical importance. For example, they enable 
ns to carry out, easily and accurately, calculations which 
without them would be almost impossible or very laborious. 
The fundamental idea may be illustrated by a very simple 
example. 

Suppose we want to find the value of 16 X 64. 
ordinary metln I dti lirat mli bi replaced by the 
following : 

16 = 2 4 
64 = 2 6 
.-. 16 x 64 = 2" X 2« 
= 2 10 

Now, if we had a table of powers of 2, we could look up 
the value of 2><\ which is 1024, and thus obtain the ar 
Thus the process of multiplying 16 and 64 is replaced by 
that of adding the indices 4 and 6. This would be of very 
little practical value if we were confined to positive integral 




s which we have discovered we can now find oth 



These values may be plotted, and as they all lie on t 
smooth curve, we have a confirmation of the reasoning 1 
which the meanings of fractional indices were obtained. 



Let us now use the curve to find the value of 
6-5 X 8-8 

From the curve 6-5 = 2 2 ' 7 (roughly) 



From the curve we lind that roughly 

.'. (i-."> ■-•■■< ~~ ■ ] 'proximately. 

Although interesting as ill nitrating the principles in- 
volved, the above method has little practical value, since 
we must depend, for the values required, on a curve which is 
necessarily limited in size and not sufficiently accurate. 
To use the method effectively we need a table from which 
we can obtain, to any required degree of accuracy, values 
such as those which are required in the above and similar 
problems. For such a table we must have a number called 
the base, just as we selected 2 above, and then the table 
rao-t i\ ii i \vx 1 power whirl; arc 



number is of that base. For practical purposes, as will be 
seen, the most suitable base is 10 and the indices which 
express numbers as powers of 10 can be calculated by 
methods of advanced mathematics. Such a table of indices 
is called a table of Logarithms. We can therefore define a 
logarithm as follows. 

Definition. The logarithm of a number to a given base is 
the index of the power to which the base must be raised to 
produce the number. 

Then,' by the above defin i I the logarithm of 

KiS-3 to the base 10. 
Similarly, since 32 = 2 5 , 5 is the logarithm of 32 to base 2. 

Notation of Logarithms. 

When we wish to express the logarithm of a number with 
reference to a given base, we use the following notation. 
Since, as we have seen above 

168-3 = 10 22281 
in which 2-2261 is the index or logarithm and 10 is the base, 
we write this connection thus: 

2-2261 = log 10 168-3 
The base, 10, is indicated by writing the 10 as shown. 
Similarly since 

1,000 = 10-\ 3 = log 10 1,000 
also since 32 = 2 5 , 5 = log 2 32 

Both of these forms are used, and the student should 
practise himself in changing from one form to the other. 

8. Characteristic 

The integral or whole number part of a logarithm is 
called the characteristic. This can always be determined 



10" = 1, log, 

10 1 == 10, log, 

10 2 = 100, log, 

10 3 = 1,000, ' 



0 10 =1 
0 100 = 2 
0 1,000 =3 
0 10,000 = 4 



= 10,000, log, 
From these results we see that, 
for numbers between 1 and 10 the ch 



10 , 
100 , 



i, I Kill 



100 , 



ill mill . 



It is evident that the characteristic is always one 
than the number of digits in the whole number part o: 
number. 

Thus in log 10 3758-7 the characteristic is 3 



Thus the characteristic may 
inspection, and consequently i 
This is one advantage of having 



9. Mantissa 

The decimal part of a logarithm is called the mantissa. 

Tn general the mantissa can be calculated to any required 
number of figures, by the use of higher mathematics. In 
most tables, such as those given in this volume, the mantissa 
is stated to four places decimals In Chambers' " Book 
of Tables " it is given to seven places of decimals. 



The mantissa alone is given in the tables, and the follow- 
ing example will show that this is sufficient: 
log M 168-3 = 2-2261 
.-. 168-3 = 10*'"- 1 
:. 168-3 ~- 10 = 10 2 2261 ~ 10 1 

.'. 16-83 = io 2 2261 - 1 (second law of indices) 

.-. log 10 16-83 = 1-2261 

Similarly log 10 1-683 = 0-2261 
and log,„ 1683 = 3-2261 

Thus, if a number is multiplied or divided by a power of 
10, the characteristic of the logarithm of the result is 
changed, but the mantissa remains unaltered. This may be 
expressed as follows : 

Numbers having the same set of significant figures have the 
same mantissa in their logarithms. 

10. To read a Table of Logarithms 

With the use of the above rules relating to the char- 
acteristic and mi i _ n ! ins in student should 
have no difficulty in reading a table of logarithms. 

Below is a portion of such a table, giving the logarithms 
of numbers between 31 and 36. 



o. Log. 



























































The figures in column 1 in the complete table are the 
numbers from 1 to 99. The- corresponding number in 
column 2 is the mantissa of the logarithm. As previously 
stated, the characteristic is not given, but can be written 



down by inspection. Thus log 10 31 = 1-4914, log l0 310 = 
2-4914 etc If tl , mmil u ',, „ 
the mantissa will be found in the appropriate column of the 
next nine columns. 

Thus log 10 3M = 1-4928, 

Iog 10 31-2 = 1-4942, and so on. 

If the number has a fui :fi , space does not 

allow us to give the whole of the mantissa. But the next 
nine columns of what are called " moan differences " give 
us for every fourth significant figure a number which must 
be added to the mantissa already found for the first three 
significant figures. Thus if we want log 10 31-07, the man- 
tissa for the first three significant figures 316 is 0-4997. For 
the fourth significant figure 7 wo find in the appropriate 
column of mean differences the number 10. This is added 
to 0-4997 and so we obtain for the mantissa 5007. 



Anti-logarithms. 

The student is usually provided with a table of anti- 
logarithms which < mt ins tin mil s a / 
given logarithms. These could be found from a table of 
logarithms, but it is quicker and easier to use the anti- 

The tables arc similar in their use to those for logarithms, 
but we must remember — 

(1) that the mantissa of the log only is used in the 
table; 

(2) when tin sigr i'n nt figures of the number 
have been obtained, the student must proceed to fix 
the decimal point in them by using the rules which we 
have considered for the characteristic. 



Example l-imi tli h ' < 2-3711. 

First using the mantissa— viz. 0-3714— we find from the 
anti-logarithm table that the number corresponding is 
given as 2352. These are the first four significant figures 
of the number required. 

Since the chai i 1 i number must lie between 

100 and 1000 (see p. 170) and therefore it must have 3 

.mi mt figures in the integral part. 

.-. The number is 235-2. 




The student is now advised to work Exercise VIII, Section C. 



11. Rules for the Use of Logarithms 

In using logarithms for ralmiations we must be guided 
by the laws which govern their use. Since logarithms are 
indices, these laws must be the same in principle as those of 
indices. These rules are given below; formal proofs of 
them will be given in Vol. II of this series. 

(1) Logarithm of a Product 

The logarithm of the product of two or more numhers is 
equal to the sum of the logarithms of these numbers (see 
first law of indices). 

Thus if p and q be any numbers 

log (p x g) = log p + log q 

(2) Logarithm of a Quotient 

The logarithm of p divided by </ is equal to the logarithm 
of p diminished by the logarithm, ol q (see second law of 



Thus log (p H- q) — log/) — log </ 



Example 4. // c = \ a- — b' 1 find c -alien a = 7-83 and 



= V (a + i)(a - b) ! -I 

= VlO-68 X 4-98 £3l 

:. log c = i(log 10-68 + log 4-98) \ J 

= log 7-293 (side working) j •'> J_ ' ■- > ' s 

or c — i'to tlia-i significant figures) 

It should be carefully rioted that logarithms could only 
he used to evaluate the expression V« 2 — b 2 as a whole, 
because a 2 — b- could rviiiliiy fx- factoriseU. In genera], if 
an expression to be evaluated contains terms separated by 
a sign + or — , logarithms can be used only to evaluate the 
separate terms whis.li nmst then be added or subtracted 
by ordinary arithmetic. The temptation to seek to carry • 
out additions or subtractions with the aid of logarithms must 
be resisted. 



Example 5. If c — V« 2 -f 6* find c when a = 7-83 and 

b = 2-85. 

We must hi \ i i ' | i ii h i7 2 and 6 2 , and since a 
and 6 each have three sign i i t may pay us to 

use logarithms to do this. 




By ordinary addition 61-32 + 8-121 = 69-441. 



it of ijiS-44 for which 



So the result required is 

c = 8-33 to three significant figures. 
The student should now work Exercise VIII, Section D. 

13. Logarithms of Numbers between 0 and 1 

On p. 176, we gave examples of powers of 10 when the 
index is a positive integer. We will now consider cases in 
which the indices arc negative. In doing so we must be 
guided by the meanings of such indices as found on p. 171. 
Thus 10 1 = 10 .-. log 10 10 = 1 

10° =1 .'. log 10 l = 0 

10-> = yq = 0-1 .-. log 10 0-1 = — 1 
10- 2 = i - = 0 01 .-. log 10 0-01 = - 2 

10- 3 = tL = 0-001 .-. log 10 0-001 = - 3 

10 s etc. 
From these results we may deduce that — 

The logarithms of numbers between 0 and 1 are 
always negative. 
We have seen (p. 177) that if a number be divided by 10, 
we obtain the log of the result by subtracting 1. 
Thus if log 49-8 = 1-6972 

log 4-98 = 0-6972 
log 0-498 = 0-6972 — 1 
log 0-0498 = 0-6972 - 2 
log 0-00498 = 0-6972 - 3 
From the above log 0-498 0-6972 - 1 



Now, in the logs of numbers greater than unity, the 
mantissa remains the same when the numbers are multiplied 
or divided by powers of 10 (see p. 177), i.e. with the same 
significant figures we have the same mantissa. 

It would clearly be a great advantage if we could find a 
system which would enable ns to use this rule for numbers 
less than unity, and so avoid, for example, having to write 
log 0-498 as — 0-3028 

This can be done by retaining the characteristic as 
negative instead of carrying out the subtraction shown 
above. But to write log 0-498 as 0-6972 — 1 would be 
awkward. Accordingly we adopt the notation 1-6972, 
writing the minus sign above the characteristic. 

It is very important to remember that 

Thus in logarithms written in this way the characteristic 
is negative and the mantissa is positive. 



With this notation log 0-0498 = 2-6972 
log 0-00498 = 3-6972 
log 0-000498 = 4-6972 etc. 




Example 1. From the tables find the logs of 0-3185, 
0-03185 and 0-003185. 

Using the portion of the tables on p. 177, we see that 
the mantissa for 0-3185 will be 0-5031. 

Also the characteristic is — 1. 

.-. log 0-3185 = 1-5031 
Similarly log 0-03185 = 2-5031 

arid log 0-003185 = 3-5031 



the number whose log is 3-5416. 

.->! ' 

ssa is 5416 are 3480. As the char- 
e will be two zeros after the decimal 



The student should now work Exercise VIII, Section E, 

Nos. 1-3. 

15. Operations with Logarithms which are Negative 

Care is needed in dealing with the logarithms of numbers 
which lie between 0 and 1, since they are negative and, as 
shown above, are written with the characterise r negative 

. .', '.V • i-ll. 

Example 1. Find the sum of the logarithms : 
1-6173, 2-3415, 1-6493, 0-7374 
Arranging thus 1-6173 
2-3415 

1- 6493 

0- 7374 

2- 3455 

The point to be specially remembered is that the 2 which 
is carried forward from the addition of the mantissa; is 
positive, since they are positive. Consequently the addition 
of the characteristics becomes 

~l-2-l+0+2=-2 

Example 2. From the logarithm 1-6175 subtract the 
log 3-8463. 

1- 6175 



1-7712 



Here in " borrowing " to subtract the 8 from 
— 1 in the top line becomes — 2, consequently oi 
ing the chart < t \ 

-2 - (-3) = -2 + 3 = + 1 



From the multiplication of the mantissa, 2 is carried 
forward. But this is positive and as (— 2) X 3 = — 6, 
the characteristic becomes — 6 + 2 = — 4. 

Example 4. Multiply 1-8738 x 1-3. 
In a case of this kind it is better to multiply the char- 
acteristic and mantissa separately and add the results. 
Thus 0-8738 X 1-3 = 1-13594 

— I X 1-3 = — 1-3 
— 1-3 is wholly negative and so we change it to 2-7, to 
make the mantissa positive. 
Then the product is the sum of 
1-13594 



Example 5. Divide 5-3716 by 3. 

Here the difficulty is that on dividing 5 by 3 there is a 
remainder 2 which is negative, and cannot therefore be 
carried on to the positive mantissa. To get over the 
difficulty we write: 

— 5 = — 6 + 1 
or the log as - 6 + 1-3716 



Then the division of the - 6 gives us - 2 and the division 
of the positne p 1 .71. J >'< \ hich is positive 

Thus the complete quotient is 24572. The work might b 

arranged thus: 

3 )6 + 1-3710 
2 + 0-4572 

The student should now work Exercise VIII, Section E 
Nos. 4-8, followed by Sections F and G. 

EXERCISE VIII 
Section A. Laws of Indices 
1, Write down the values of: 



2. Write down the value 

(1) »' 4- a\ 

(2) ~ cK 

3. Find the values of: 

(1) *' X V 4- x\ 

4. Find the values of: 

(1) (<r) 2 - 

(2) (x*) 3 . 

(3) (2i*)«. 

(4) (2 1 )*. 
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Where necessary in the following take V2 = 1-414, 
V3 = 1-732, VTo = 3-162, each correct to three places of 
decimals. 

1. Write down the meanings of: 

3*, 4-\ 3a- 2 , 1000°, 2-5, -L j^, 43, io-». 

2. Find the values of: 

(1) T- x 2=. (4) «I x a«. 

(2) 3 X 3* X Zi. (5) 2?. 

(3) 10* ~ 10=. (6) m. 

3. Find the values of: 

(1) 8«. (4) (5- 3 ) 2 . 

(2) 251 (5) J 3 - 

(3) (10 2 )S. (6) (1000)*. I 

4. Find the values of: 

(1) (I)" 2 - (4) (36)-« 

(2) (I)" 3 - (5) (4)'=. 

(3) (10)»=. (6) 

5. Find the value of a 4 x a- 2 X « s when a = 2. 

6. Write down the simplest form of: 

(1) a' X a*. (2) 10 3 X I(H. 

7. Find the values of: 

(1) 32»*. (4) 2»". 

(2) 8". (5) (16)-»^. 

(3) 3 2 ' 5 . (6) (0-6)- 2 . 

8. If 10* = 2-154 ... to three places, find 10« to two 
places. 

9. Find the value of (glV*- 



. Writ 



Section C. Log Tables 
down the characteristics of the logarithm 



rin- following numbers: 

15, 1500, 31,672, 597, 8, 800,000 
51-63, 3874-5, 2-615, 325-4. 

2. Read from the tables the logarithms of the following 
numbers: (]) 5 ^ g 0 _ 000 

(2) 4-7, 470, 47,000. 

(3) 52-8, 5-28, 528. 

(4) 947-8, 9-478, 94,780. 

(5) 5-738, 96-42, 6972. 

3. Find, from the tables, the numbers of which the 
f- >!!->wmg are the logarithms: 

(1) 2-65, 4-65, 1-65. 

(2) 1-943, 3-943, 0-943. 

(3) 0-6734, 2-6734, 5-6734. 

(4) 3-4196, 0-7184, 2-0568. 

Section D. Logarithmic Calculations 

Use logarithms to find the values of the following : 

1. 23-4 x 14-73. 13. (1-257) 5 . 

2. 43-97 X 6-284. 14. (15-23) ' .. 3-142. 

3. 987-4 x 1-415. 15. (3-flS)* ~ 1 6-47. 

4. 42-7 X 9-746 X 14-36. ]fi (9L5) 2 

5. 28-63 - 11-95. 4-73 x 16-92' 

6. 43-97 -^ 6-284. ,„ (*-!>'i 2 X (L'W 



I56-2) 2 r _ !l>-sl4)-' 

19. VfriVT. 

20. ^4-872. 

21. £ 1-625* > .4-738. 
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23. If xr 1 = 78-6 find r when jc = 3-142. 

24. If |w 3 = 15-5, find r when - = 3-142. 

25. Find the difference between the areas of two sq 
whose sides are 9-74 in. and 5-06 in. (see p. 73 § 4). 

26. If M = PR", find M when 1' = 200, R - 
n = 20. 

Section E. Negative Logarithms 

1. Write down the logarithms of: 

(1) 2-798, 0-2798, 0-02798. 

(2) 4-264, 0-4264, 0-004264. 

(3) 0-009783, 0-0009783, 0-9783. 

(4) 0-06451, 0-6451, 0-0006451. 

2. Write down the logarithms of: 

(1) 0-05986. (4) 0-00009275. 

(2) 0-000473. (5) 0-5673. 

(3) 0-007963. (6) 0-07986. 

3. Find the mirober* wimgc logarithms are: 

(1) 1-3342. (4) 4-6437. 

(2) 3-8724. (5) 1-7738. 

(3) 2-4871. (6) 8-3948. 
-. ' ■" > '-' i 1 i ! .vmg iogaiiilnr.s: 

(1) 5-5178 + 1-9438 + 0-6138 + 5-5283. 

(2) 3-2165 + 3-5189 + 1-3297 + 2-6475. 



(2) 0-3987 - 1-5724. (4) 2-1085 - 5-6271. 
i. Find the values of: 

(1) 1-8732 X 2. (4) 1-5782 x 1-5. 

(2) 2-9456 X 3. (5) 2-9947 X 0-8. 

(3) T-57S2 X 5. (6) 2-7165 X 2-5. 



7. Find the values of : 

(1) 3-9778 X 0-65. 

(2) 2-8947 X 0-84. 

(3) 1-6257 X 0-6. 



(1) 1-4798 4- 2. 

(2) 2-5637 4- 5. 

(3) 4-3178 4- 3. 



(4) 3-1195 4 

(5) 1-6173 -f- 

(6) 2-3178 4 



Section F. Logarithmic Calculations 
Use logarithms to find the values of the following : 

1. 15-62 X 0-987. 12. -^ 1713 5. 

2. 0-4732 X 0-694. 13. ^647-2 4 (3-715) 3 . 

3. 0-513 X 0-0298. 14. J(48-62)». 

4. 75-94 X 0-0916 X 0-8194. 15. 3 /iK728 



15. 3 /9-72S 
V 3-142' 



5. 9-463 4- 15-47. 

6. 0-9635 H- 29-74. 16. (i-697) 2 ' 4 

7. 27-91 4- 569-4. 17. (19-72)°". 

8. 0-0917 4 0-5732. 18. (0-478) 3 

9. 5-672 X 14-83 4 0-9873. 19. (5-684)" 11; 

10. (0-9173) 2 . 20. (0-5173)^- 

11. (0-4967) 3 . 



0-0579 X 53-2 



24. V(5-673) 2 + (! 
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Section G. Miscellaneous 
(a) Without the use of logarithm tables c 

(i) 27*; (ii) T V- 



ib) Using logarithm tables evaluate: 

(i) V'23-2 2 +'16^; (ii) ^0-0863. 



' ij 0-873 



(d) (2-73)°. 

(Handswortl 



(i) Use logarithms to evaluate 

^24-36 + 8-07N 3 
- 8 ; 07 ) ' 
pacity of a 



. («) Evaluate, using logarithms, 
... 314-2 X 0-00684. 



. Use tables to evaluate cc 
(a) V(I?32) 2 + (1M-, 



Simplify: (i) a 



(iv) How is a meaning given to a" using the 
answers given? (W.R. Yorks.) 
. (a) Express each of the numbers 2 , 50, 100 , 50 3 as a 
power of 10. 
(b) Evaluate 100 1 ' 24 , v'lOO. 
(<•) By nil I j evaluate 

VWf2 X -^7 -3 

. Without using tables find the values of: 



Find the values of 

10 0M4 , log (63 - 21), log 63 - log 21, 
express 5 as a power of 10. (U.E.I.) 
I. (1) Express each of the- numbers 1 -75, 175, 0-73* as a 
power of 10. 
(2) Evaluate 200 08 . 

, 78-3a 3 /q^73 
{ ' Jlvaluate v ^g3 • (N.C.T.E.C.) 



[vc«J 

11. Find the value of i-r when - = 3-142 and r = 2-£K 

(U.E.1,1 

12. Find the value of V (9-485)* - (5-475) ! . 

13. In the formula V = J^[, find V when g = 32-: 
ft = 0-627, L = 175, D = 0-27. 

14. If V 10646 = ~, calculate V when P = 30. 



(UX.C.I.).M 

16. The area of a tria ngle is given by the formula area = 
Vs(7^«)(7- b)(s - f) where a, b and c are sides of the 
triangle and s = \{a + b + c). 

Find the area of the triangle when a = 30-65 nr., 
b = 51-98 in., c = 25-46 in. 

(Students may be interested to note that considerable 
manipulation of expressions bringing in the lengths of the 
sides, and the trigonometrical functions of the angles (see 3 
Chapter 10) lias been necessary to lead In this formula for 
the area of a triangle. The form is used because the four 
factors under the root sign arc easily calculated, and once 
these are known the multiplication of the factors, and the 
extraction of the root, are operations readily carried out 
with the aid of logarithms. Sec Example 5 on p. 182.) 

17. If V = pv™ hnd V when v = 6-032, p = 29-12. 

18. If R" = 1-8576, find R when n = 18. 

19. By means of logarithms or otherwise, find the value 



20. (a) Find (using logs) 0-0387" 

(i) If T = "goog" ex P ress " in terms of a - w > & 
d T and calculate the value of n when 

co = 7-75, a = 1-33, g = 32-2 and T = 187. 

(E.M.E.U.) 



CHAPTER 9 



FUNDAMENTAL GEOMETRIC TRUTHS 



1. General Idea of an Angle 

What is an angle ? Looked at from the simplest point of 
view we can take it as being formed by the intersection, of 
two lines. But there is more than this to be considered, 
because of the part that angles play in Geometry and 
Trigonometry. Our ideas must be more precise, and more 
in accordance with the requirements of these two branches 
of Mathematics. 



Let AOB (Fig. 41) represent an angle. We can imagine 
this angle as being formed by a line which starts from the 
position OA, and rotates about O in a contra-clockwise 
direction to tin- position OB. 

In sue)] a case 0 is the vertex of the angle, while OB and 
OA are called tl.c arms of the auga-. 



be ii 



Let u 



e the Ml 



:OAt 




make a complete revolution 
four equal stages in the direction 
shown in Fig. 42. 

We then have four equal 
angles, each of which is called a 

Then we have 
ZAOBj = 1 right angle 
/ AOB 2 = 2 right angles 
ZAOB 3 = 3 right angles 



2. Measurement of Angles 

The right angle, though it provides us with a kind of 
natural unit for measuring angles, is too large a unit for 
general use. 

We therefore assume the rotation to take place in 360 
equal steps called degrees, so that one right angle = 90°. 

The degree is subdivided into 60 minutes, or 60'. The 
minute is subdivided into 60 seconds, or 60", so that 



is divided into 100 



[. Acute, Obtuse, and Reflex, Angles 

An Acute angle is one which is less than a right angle. 

An Obtuse angle is one which is greater than a right angle 
rut less than two right angles. 

A Reflex angle is an angle which is greater than two right 



4. Complementary and Supplementary Angles 

(a) If tw ngl. Tug ihei mak up one right angle 
or 90°, they are said to be complementary angles, and 
each angle is called the complement of the other. 

(b) On the other hand, if the sum of two angles be 
two right angles or 180°, they are said to be supple- 
mentary, each angle being the supplement of the other. 

Hence 17° and 73° are complementary angles and 
108° and 72° are supplementary angles. 

5. The Angles between a Straight Line and a Plane 

Let CDEF (Fig. 43) represent one surface of a drawing- 
board, which for our purpose we may consider as being part 

N 



V 




of a horizontal plane, and let ON be a very thin rod held 
obliquely but meeting the plane at O. 

Let any point !' be taken in OX and let a vertical line be 
drawn through it, i.e. a line which is also perpendicular to 

Let this line meet the plane in B. Join OB. Then 
ZPOB is called the angle between the line ON and the plane. 



Also OB is called the projection of OP upon the plane. 
The angle between a straight line and a plane is the angle 
between the line itself and its projection on the plane. 

Further, PB is perpendicular to any line such as BL, BK 
or BM passing through B, provided those lines lie wholly 
v. i 1 1 1 iii the plane. 

Let ABC (Fig. 44) represent the end elevation of the top 
of a desk where AB is at right angles to CB. 



Then the ZACB is the angle between a horizontal plane 
which we can denote by CB, and a plane which we can 
denote by CA. 

Such an angle is called the slope of the line CA or of the 
corresponding plane. 

Now, the ratio represents what is called the gradient 
of the line CA. 

Fig. 44 shows a rise of 6 in. for a horizontal distance of 
24 in., so that the gradient in this case is - 2 6 t or \. 

In other words, we can say that the line CA rises 1 in 4. 

In certain cases where the angle is very small, and where 
at the same time CA will differ but slightly from CB, the 
gradient is sometimes taken as 

This is how a motorist or a railway engineer considers a 
gradient. 



When the former speak? > if a road having a gradient of 
1 in 10, he means that for every 10 ft along the road there 
is a rise of 1 ft. 

On a railway also, one may see an indicator which shows 
that the line, in one part, rises 1 in 200. 

The ratio ^oo is considered by the engineer to be the 
gradient of the line in that particular part. 

7. Angles Formed by Two Intersecting Straight Lines 

Two theorems which deal with two straight lines which 
meet or intersect are submitted without proof. 

(1) When one stun n < 

the sum 01 fr : - • ' . :«.' ' / ' •'<'." 

(2) When two straight lines intersect, the ' -It] 
opposite angles are equal. 



8. Parallel Straight Lines 

So far, in our treatment of angles, we have dealt with 
lines which have undergone a certain amount of rotation, 
and however slight that rotation may have been, the initial 

Let us now consider the case of a line, moving, but 
without rotation . is. without change of direction. 

An example of this is provided by sliding a set-square 
along a fixed straight edge of a rale (see Fig. 45). 

PQR and PjQiRi represent two positions of the set-square 
when this has been done. Then the edge PQ of the set- 
square represents a straight line moving into a new position 
PiQ,, but without rotation and in a direction parallel to 
itself. 

PQ and P,Q, are then said to be parallel straight lines. 

Again, as the set-square slides along, it is obvious that the 
inclination of PQ to the edge AB of the ruler is constant so 
that the ZPQB = ZP^B. 
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These angles are known as corresponding angles. 

The line AB which crosses the parallel lines PQ and PjQ, 
s called a transversal. 

We see, then i 1 \ ,1 t s in , In 

1 1 Inmsvei •' ' 

mgles equal. 



Pi P 




Parallel Straight Lines may be defined as straight lines 
which are in the same plane, and do not meet, however far 
they may be produced in either direction. 

9. Fundamental Properties of Parallel Straight Lines 

Let AB and CD (Fig. 46) be two parallel straight lines, 
and let EH be any transversal drawn across them. For the 
sake of brevity the various angles are denoted by numerals 
as shown. 

An examination of this figure shows : 

(1) Z2 = Z4, Z6 = Z8, Zl = Z3, Z7 = Z5. 

1 : 1 angles are called corresponding 
angles. 

(2) Z6 = Z2, Z3 = Z7. 

These pairs are termed alternate angles. 

(3) Z3 + Z2 = 2 right angles. 
Z6 + Z7 = 2 right angles. 



Summarised we ran state these observations as follows: 
When a transversal intersects two parallel straight line 

(1) The corresponding angles are equal. 

(2) The alternate angles are equal. 

(3) The sum of the interior angles on the same sit, 

of the ha is, 



Conversely, if a transversal crosses two straight lines and 
any one of these three conditions holds good, the two 
straight lines must be parallel. 



Section B. Rectilineal Figures 
10. Rectilineal Figures are Plane Figures which are 
Bounded by Straight Lines 

As the student is assumed to have a working knowledge 
•of simple rectilineal figures, and many have already been 
dealt with in earlier chapters, special reference to any 
particular typo or class will be omitted. 



11. Symmetry — Symmetrical Figures 

plain- fig'-.re is la Iv s name: ieai - - 

on either ide of I i niadi to coincide 
The straight line is called the axis of symmetry. 

Examples. 

1. A square is symmetrical about a diagonal, and also 
about aline win I i i i \ t i tiul i.Ji 

2. A circle is symmetrical about a diameter. 

3. A regular hexagon is a symmetrical figure which has 
six axes of symmetry . The reader should trace these. 

12. Angle Properties of a Triangle 

The following statements arc submitted without proof. 
(1) When a vdc <>/ , i 
angle thus formed < 

opposite angles. 
' (2) The sum of Ihe <n> , m triangle is equal to lur, 
right angles or 180°. 

It follows quite simply from the above that the four 
angles of an\ qu In id i i malt four right 

angles, since if one diagonal be drawn two triangles will lie- 
obtained and the sum of the angles of each triangle is twi i 

13. Theorems Relating to Congruency of Triangles 

Two triangles are congruent if one ran be superimposed 
on the other, so that they exactly coincide with regard to 
■iris vertices or 1 i j i and i 1 
Their areas must consequently be equal. In other words. 



the three sides of one triangle must have the same lengths as 
the three sides of the other, each to each, and the angles of 
the triangles opposite to the equal sides must also be equal. 

1 > I'l 'si;/ the one are 

l 1 a , i o/ ,1 , 

Case II 

f triangles are eonenieni if sl„y have it sides equal 
:/:.- ie,:aJed angle, o f ire ,.i;:re. 

Case in 

Two • nineit > i < * ,,, , \ a i U i< T 

each to each, aaJ < t> , ' t ' ^ 

14. Two Theorems Relating to Triangles which are 

Self-Evident 

I. Any two sides of a triangle are togethei greater 
than the third side. 

II. The greater side of a triangle is opposite to the 
greater angle. 

15. The Theorem of Pythagoras 
This theorem can be stated as follows: 

In any right-angled triangle the square on the hypotenuse 
is equal to the sum of the squares on the sides containing the 
right angle. 



As the theoretical proof for this theorem is rather in- 
volved, we do not propose to give it here, but \ 



MENTAL GEOMETRIC 1 

i method which is based t 



A BCD is a square (Fig. 
47). 

Equal distances CE, DH, 
AG and BF are marked off 
from the angular points, 
each being equal to a. 

Let b m the length of the 
remaining portion of each 
side. 

I f E , F , G and H be j oined 
another square is obtained. 

Let c represent the length 
of one side of this square. 

Area of square ABCD = (a + b)' 
= a> + 2a 
Area of each triangle = lab 
Area of four triangles = 4 x \al 
Area of inner square = c 3 




Now 



a in 



:r squa 



de EC. 
ide CF. 
de EF. 



This theorem n I 'i ' i i i n tally, and or 
Df the methods, which may be of interest to the student, 
set out, and explained below. 
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A right-angled triangle such as ABC (Fig. 48) with AC as 
hypotenuse, is drawn on drawing paper or card-board. 

Squares are then constructed on its sides as shown. 

The centre 0 of the square on 1?C is found, and through 
O, LM is drawn parallel to AC, and PO perpendicular to 
AC. 



This construction saves four quadrilaterals, which are 
numbered 1, 2, 3 and 4. 

These quadrilaterals and the square on AB are cut out 
from the paper, and are superimposed as shown on the 
square which has boon constructed on The hypotenuse AC. 
It will be found that the five figures will exactly fit into the 
square on the hypotenuse AC, and therefore have the same 
area as that square. 

This theorem is of considerable importance, and can be 




Now, area of the equilateral triangle - JBC X AD 

_ a, x V3a 

= ^ 

Example 2. A ladder 40 ft long rests against a house so 
that the foot of the ladder is 14 // from „ 
the foot of the wall. How far up does it | 

reach? £ 




16. Similar Triangles 

If two triangles have the three angles of the o , s - 
tively equal to the three angles of the other they are not 
necessarily congruent. 

C 



Such triangles are said to be Similar. 
Let ABC be a triangle with points G and E in base AB 
(Fig. 51). 



Draw GF and ED parallel to BC. 

Then ZAFG = ZADE = ZACB (corresponding angles). 
/_ AGF = ZAED = Z ABC (corresponding angles). 

The angle at A is common to the three triangles AFG, 
ADE and ACB. 

If we consider any pair of these triangles, we notice that 
the three angles of the one are respectively equal to the 
three angles of the other, but obviously they are not 
congruent. 

VI tl I j. . !-,; similar I.'-, aus,- Vitry 

equiangular. 



In more advanced geometry it is shown that when two 
triangles are equiangular the ratios or corresponding sides 
are equal. 

Vpph ing this theorem to Fig. 51 we can say that 

AF __ A_D _ AC 
AG ~ AE ~ AB 

So also it follows that 

, AG FG 

AE ~ DE' 

Note carefully that b\ i < > , we mean those 

sides that are opposite equal angles. 



For rectilineal figures in general we can now say that 
Similar figures are figures in which the ratios of correspond- 
ing sides or lengths are equal and corresponding angles are 

Example. Di i . u in > 1 1 / -n ojl.Zorl 
Let AB be the given line. 

Draw any line AE making ZEAB with AB (Fig. 49). 
.Mark oil along AE a distance AC — 2 units of length and 
CD = 3 units. Join DB, and draw CN parallel to DB. 

Now ^ = 1 
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17. Relation between the Areas of Similar Triangles 

Let AjBjCj and A 2 B 2 C 2 be similar triangles (Fig. 53). 
Let /ij and h 2 be their respective heights and and a. 



A 2 




>s ACN and ADB 



•'• NB * 
that is N is the required point. 



I 



Area of AA.B.C. 



Arising out of the theorem enunciated and explained 
above, it can be shown that the ratio of the heights of two 
similar triangles is the same as the ratio of any pair of 
corresponding sides. 

Algebraic all i i -.ent the heights, and b and 

b l represent the bases, the above becomes 



Hence the areas of the triangles are proportional to the 
squares of the corresponding sides C1B1 and C 2 B S . 

Similarly the areas could be proved proportional to the 
squares of'BjA, and B 2 A 2 . 
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It follow from t t r i proportional to 

the squalen < f Heights. 

Furthermore it can be shown by more advanced geometry 
that the areas of all similar rectilineal figures are propor- 
tional to the squares of their corresponding sides. 




(1) A Chord of a circle is an 
straight line which divides the circl 
parts, and is terminated a 
by the circumference. 



of the circumference. 

(3) A Segment of a circle is a figure 
bounded by a choi ! i 

le chord AB divides the 
j?ig. 04. circle into two segments, 

(i) The minor segment ACB. 
, , 1 i major i i i t ',ni 

(4) A Sector of a circle is a figure which is bounded 
by two radii and the arc between them. 

(5) The Angle in a segment is the angle subtended at 
a point on the arc of the segment by the chord of the 
segment. ' "M 

For example, iht i I ( Fur. 55; is the i 

in the major segment, while the angle ACB is the angle 
in the minor segment. 

Each angle is subtended by the chord AB. 

(6) By the angle at the centre we mean the angle 
subtended at the centre by a chord or by an arc. 
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In Fig. 55 the /_ AOB is the angle subtended at the 
centre by the chord AB and by the arc ACB. 
19. The following theorem is submitted but without 



I. All angles in the same 
segment of a circle are equal. 

II. The opposite angles of a 
quadrilateral inscribed in a 
circle are together equal to two 
right angles; that is, they are 
supplementary. 

LTJ. The angle in a semi-circle 
is a right angle. 

IV. In equal circles, arcs Flc 
which subtend equal angles 
either at the centres or at the circumferences 

V. In equal circles, chords which cut off equal 




20. Tangents to a Circle 

(1) A tangent to a circle is a straight line which 
meets the circle in one point called the point of contact 
and does not cut the circle when produced. 

(2) A tangent to a circle is at right angles to the 
radius drawn from the point of contact. 

In Fig. 56, QR is a tangent at right angles to the radius 
OP at the point of contact P. 



I. The angle between a tangent and a chord drawn through 
the point of contact is equal to the angle in the alternate 
segment. 




Q P R 



In Fig. 57 AC is the tangent 

BD is the chord. 
Then ZDBC = ZDEB 

and ZABD = Z.DFB 




II. If two chords intersect in a circle the product of the 
segments of one chord is equal to the product of the segments 
of the other. 

Thus in Fig. 58, 

AC X CB = DC X CE. 




It can be shown that 

PA 2 = PD x PB = PE x PC. 



EXERCISE IX 

1 . A clock is started at noon. Through what angles wiU 
the minute hand have turned by: (1) 2.45 p.m.? (2) 10 
minutes past 4 ? At what time will it have turned through 
192°? 

2. A patternmaker carves a straight groove of semi- 
circular section across the flat face of a piece of timber. 
How can he check his accuracy by means of a set-square ? 

3. x° is the smallest angle in a triangle. If the others 
are 2-5x° and i-5x°, what is the value of each angle? 

4. The angles A, B, C and D of a four-sided figure are 
135°, 110°, 70° and 45°. If BE be drawn parallel to AD 
meeting DC at E, find the angles at B and E of the new 
figure. What is the original figure ? 

Theorem of Pythagoras 

5. A man travels 15 miles due east and then 18 miles due 
north. How far is he from his starting point? 

6. A builder has a 2-ft rule and a supply of laths (strips 
of wood). How ean he easily construct a square which he 
could use to test the accuracy of corners in his building? 

i on rroheblv know the ntHv.v-r to this question, i was 
the method used by the builders of the pyramids. 

7. The diameter AB of a semi-circle is 2-5 in. in length. 
A point P on the circle is 1-8 in. from A. How far is P 
from B ? 

8. A chord of a circle is 2-6 in. long and the distance of 
the centre from it is IT in. Find the radius of the circle. 

9. A fitter prepares four bars, of lengths 3 ft, 2 ft, 3 ft 
and 2 ft respectively, which he has to rivet together to 
make a rectangular frame. How can he check that he 
has joined them truly at right angles? 

10. A point P is 5 in. from the centre of a circle of radius 
2-5 in. What is the length of the tangent from P? 



1 1 . Show that if triangles have their sides in the ratio of 
11)3:4:5, (2) 5:12: 13, the triangles are right-angled. 

12. A peg is 15 ft from the foot of a flagstaff which is 
i' ' high, "it Mi . 1 , i be needed to t, < 

from top of the flagstaff to the peg? 

13. Find the length of the diagonal of a square field 



Similar Figures 

14. The adjacent sides of a rectangle are 3 in. and 4 in. 
respectively. Find the diagonal of a similar rectangle 

■ !■ ingest side is 17-8 in. 

15. In a triangle ABC, AB = 3-5 in., BC = 2-4 in. and 
AC = 3-2 in. DE is drawn parallel to BC, so that 
AD = 2-8 in. Find the other sides of the triangle ADE. 

16. ABC is a right-angled triangle, with its right angle 
at B, and its sides AB and BC are in the ratio of 2 : 1. If 
AB is produced to F so that AF = 200 yd and FE is 
drawn perpendicular to AC produced, what are the lengths 
of FE and AE. 

17. Three 60°-30° set-squares are made from suitable 
lose-| led easily-worked thin wood. How could you 

adjust the 3 angles to accuracy without the use of a 
protractor? 

18. The triangle ABC is right-angled at B. If AB = 17 
in. and BC = 9 in., find BD the length of the perpendicular 
to the hypotenuse, and also the lengths of AD and DC. 

19. The area of a triangle is 17-84 sq in. and its height 
is 5-6 in. Find the area of a similar triangle whose corre- 
sponding height is 7-8 in. 

20. If on a map \ sq in. represents 4 sq miles, 

(a) To what scale is the map drawn? 

(b) What would be the distance on the map of two 

points 15| miles apart? 
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21. BCD is a right-angled triangle with its right angle 
at C. BC = 0-9 in. and CD = 1-3 in. BD is produced 
to F so that |5 = 3 an(J BF is the hypotenuse of a simi[ar 
triangle. 

Find (1) the length of BF. 

(2) The area of the larger triangle. 



Miscellaneous 

22. An iron plate has the form oi an in late) il t 1 • t 
each side of which is 10 in. long. Calculate the radius of 
the largest circle that can be cut out of the plate. 

(Handsworth.) 

23. The angles of a triangle are x, 2x and (4.r — 30) 
degrees respectively. Find the angles. (Handsworth.) 

24. AB is the vertical diameter of a circle whose centre 
is O. With centre A and any radius an arc is drawn cutting 
the circle in two points C and D. CD, OC, OD, AC and 
AD are joined. 

Prove (a) the triangles AOC and AOD are congruent, 
(6) angle BOC = twice angle BAG. (U.L.C.I.) 

25. AD is drawn tangential to a circle at A, and two 
chords AC and AB are drawn such that angle DAC is 65° 
and angle DAB is 108°. If the points B and C are joined, 
determine angle BCA. If 0 is the centre of the circle, 
determine angle AOB. (U.L.C.I.) 

26. Find « in the compound V-block shown in Fig. 61. 

(Coventry.);! 
■7 i '- i > 

ference, (ii) the length of arc subtended by an angle of 60° 
at the centre, (iii) A sector of a circle 2 in. diameter is 
equal in area to that of a full circle 1 in. diameter. What 
is the angle contained by the sector of the larger circle? 

(W.R. Yorks.) 



28. Answer the following questions covering the geo- 
metrical properties of a circle : 

(i) What relationship exists between the angles 

in the same segment ? 

(ii) What relationship exists between intersecting 

chords? 

Make sketches to show you understand these questions. 

(WR. Yorks.) 




29. Fig. 62 represents a rectangular room, whose 
intensions are. AB = 12-3 ft 

BC = 9-4 ft 
BF = 9-0 ft 
Find the distance from B to H: 

(i) diagonally across the ceiling and down DH; 

(ii) direct. (S.W. Essex.) 

30. If the height of the arch of a bridge is h and the span 
i 2s, show that 2rh — h* = s-, if r be the radius of the arch. 

Also find r if h = 12 ft and s = 36 ft. 

31. The chord of a circle is 10 in. long, and the radius 



is 6 in. long. Find the height of each arc into which the 
ircle is divided. 
32. Two straight lines JIN and KL intersect at 0. 
MO = 2-6 in., ON = 11 in. and OK = 1-8 in. If M, K, 
N and L lie on a circle find the length of OL. 




33. An octagonal room has an area of 440 sq ft. If its 
plan is drawn to a scale so that 1 in. represents 5 ft, what 
will be the area of the plan ? 

If the area of the plan is increased in the ratio of 9 to 4, 
what is the new scale ? 

34. In a circle 4-5 in. diameter place a chord 3-5 in. long. 
Draw a diameter at right angles to the chord. Measure 

the segments of the chord and of the diameter. Find the 
product of the segments of each and compare the results. 

(U.L.C.I.) 

35. The lengths of the sides of a rectangle are x in. and 
y in. If p in. and d in. denote its perimeter and the 
length of its diagonal respectively, express p 3 and 4d 2 in 
terms of x and y and show that \(p — 2d)(p + 2d) sq in. 
equals the area of the rectangle. Calculate the area of a 
rectangle whose perimeter and diagonal equal 46 in. and 
17 in. respectively. (N.C.T.E.C.) 



TRIGONOMETRICAL RATIOS 



1. Experimental Determination of a Height 

Let AB, Fig. 63, represent the height h of a factory 
chimney. The value of h can be determined experimentally 




Let BC represent the shadow of AB, the direction of the 
sun's rays being shown by AC. 

Let PQ, a rod of known length, stand vertically and let 
QR be its shadow. The angle PRQ is called the altitude of 
the sun. 

The sun's rays being parallel, PR will be parallel to AC 
.-. Z PQR = ZACB 
As ABC, PQR are similar (see p. 208) 

... £B £gandAB = BCx£g 



T 



= 105 x ~ 
= 90 ft. 



This constant ratio is called the tangent of the angle. 



the ratio gj| will be constant for the angle R or 

If we knew the value of tins ratio, the problem c 
solved without the use of PQ. 

We need only measure ZACB and the length BC. 

2. The Tangent of an Angle 

Let a straight line OA rc 




Then, as shown in Chapter 

As LOP, MOQ, NOR are 

LP MQ NR 
• ■ ratlos oi>' OQ' OR al 



64). 

Let OB be any position 
taken up by the rotating 
line and let ZAOB be the 
angle so formed. 

Take any points L, M, 
N on OB and draw LP, 
HQ, NR perpendicular to 
OX. 



However main points arc taken on OB, the v; 

ratio for the angle AOB will be the same. 

A similar result ran he obtained for any other 
.'. Each angle has its own constant ratio by a 

be identified. 



3. Right-Angled Triangles 

In Fig. (54 several right-angled triangli 
in each of which a ratio was ob- 
tained which represented the tan- 
gent of the angle at 0. We will 

relations which exist between the 
sides and angles of any right-angled B ■ 



In Fig. 65 let ABC he a right- 
angled triangle. Let the sides opposite to th 
and C be connoted by the small letters a, b, c 

Then, as shown in § 2, 



tan ABC 
re of the quantities, a 



4. Tangents of Angles less than 90° 

Let a straight line OA, of unit length, rotate, from a fixed 
position on OX so as to mark out 90° as shown in Fig. 66. 
Radiating lines arc shown at 10", 20°, 30°, etc. 

If from any point B a perpendicular BN be drawn to OX, I 
then the ratio ^ is the tangent of the corresponding angle. 

Let a perpendicular AM be 
Irawn from A and the radial 
ines OB, etc., produced to meet 




Then, considering one 
angles, BON, 

tan BON = ^ 



' the 



Now, as OA is of unit length, 
the length of CA, on the scale 
selected, will give the actual 
x value of the tangent of the 
■ • <■ corresponding angle COA. Simi- 
Fic- 66. larly the tangents of other angles 

10°, 20°, etc., can be read off bv measuring the correspond- 
ing' intercept on AM: e.g. the tangent of 50° is given by 
the length of AD. 



isO. 



conclude: 

(1) When the angle i 

(2) As the angle incr 

(3) ' 



(3J tan 40 = i. 

(4) For angles greater than 45° the tangent is greater 

(5) As the angle approaches 90 : , the tangent rapidly 
,c, eases. When it 1. t i 11 



When it 
great. This we usn 
As 6 app 



■arly 90", the tangen 
;xpress by saying that 
a <> i- - • i' i . 
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6. A Table of Tangents 

The tangents of angles can be obtained by the graphic 
methods used above. In practice this would be cumber- 
some and not very aecuratt llowevei b u m. 1 is 
winch will he studied in more advanced mathematics, the 
values of these tangents can be calculated to any required 
degree of accuracy. Tables thus obtained, correct to four 
places of decimals, are given at the end of this book, and 
these can be used when required in problems. 



Natural Tangents 



1 






























5681 5704 5727 5750 





A portion of the tables is shown above, giving the tangents 
of angles between 25° and 29\ The tangent of an angle 
with an exact number of degrees is shown in the first 
column ; thus tan 27° = 0-5095. If the angle involves 
minutes' as well as degrees, we use the other columns. 

Thus tan 25° 24' will be found under the column headed 
2+'. Thus tan 25" 24' - 0-474S. 

If the number of minutes is net an exact multiple of 6, we 
use the column of mean differences for any number over a 
multiple of 6. 

Thus to find tan 26° 38'. 

tan 26° 36' is 0-5008. 

For 38', i.e. 2 minutes over 'Mi', we turn to the mean 
difference column for 2 and we find 7. This is added 
on to tan 26° 36' and so we get 

tan 26° 38' = 0-5008 + 7 
= 0-5015 



7. Slope and Gradient of a Path 

On p. 199 we explained what is meant by the angle of 
slope or briefly the slope of a path. We can now deal with 
this more fully. 

1 - «8 -i" e 1 the side view of a path AC, AB being 




the horizontal: BC is perpendicular to AB. Then ZCAB 
is the angle of slope of the path. 




i ' t of the path. 

Generally— 7/ 6 be the dope of the path, tan 6 is the 




8. The Equation of a Straight Line 

In Chapter 7, p. 145, it was shown that the equation of a 
] t line is given in general terms by 



Tt is now possible to give a meaning to the constant m. 




Let any points M„ M 2 , M 3 ... be taken on the line and 
perpendiculars M^, M 2 P 2 , M 3 P 3 ... be drawn to the 

Then, as we have seen (p. 222), the ratios 
MjPj MjPj M^P, 
OPi' OP 2 ' OP7 
all are equal and their common value is 2. 

Also each ratio represents tan 6, where 0 is the angle 
made by the straight line with the OX. 

Generally it 11 <>-' h s '1 am point on the line are 
represented by {x, y), then 



Comparing this with y = mx it It ! 
tan 0 l e tin tu ' 
with the axis of x. 

m or tan 9 is called the gradient of the line. 



T I ie gradient of the line is the tangent of the angle of slope. 

If we consider a straight line parallel toy = 2x (Fig. 70), 
and passing through the point + 3 on the y axis, its 
equation, as shown on p. 000, is y = 2x + 3. 

It obviously makes the same angle 9 with the x-axis as 

, 1 : ■ , i 1 , ' 1 , i .. 




9. Examples of the Uses of Tangents 

1 . P and Q (Fig. 71) are two points on opposite sides of a 
river. A point R is 180 yd along the bank from Q. The 
.m«le. I 'OR is a right angle and the angle PRQ is found to 
be 54°. Find the distance PQ. The surveying instruments 
which determine the angle 54° can be used to verify that 
FOR is a right angle. 

From the diagram 5S — tan 54° 

.". PQ = RQ tan 54° 
= 180 X 1-3764 
= 248 yd approximately. 

2. From the top of a cliff, 250 ft high, the angle of 
depression of a boat on the sea was found to be 10° 30'. 
How far was the boat from the foot of the cliff? 

If in Fig. 72 PQ represents the cliff and S the position of 
the boat, then ZSl'A made by PS with the horizontal is the 
injjlc of depression of the boat. 



OPS -= !Kr - APS 



= 1350 ft approximately. 



10. The Sine and Cosine Ratios 

Fig 73. represents an angle ABC (0) a 
pendicular to BC. Then tan 8 = g^- 



The ratios of AC and BC to the hypotenuse AB 
two other constant ratios for an angle, by each of wb 
angle may be identified. 



i i ted as follows 



Ratios of complementary angles 

From Fig. 68 sin BAC = ? ~ = cos ABC 

cos BAC = ^ = sin ABC 

Now, ABC and BAC are complementary angles (see 
Chapter 9, p. 198). 

Hence t i u cosine of its 

This may be expressed sin B = cos (90° — 6) 
cos 6 = sin (90° - 6) 

11. The Sine in Mechanical Engineering 

In the examples on heights and distances in the solution 
; whit V. rhe tangent tables were employed it was the base 
i i -angled triangle which could easily be 

measured by laying a tape measure (or a surveyors' chain) 
■ Jong the surface of the ground. It was assumed that the 
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angles involved could be accurately measured, and this 
could in fact be accomplished by the use of the theodolite 
or other surveying instrument embodying a sighting 
telescope. Thus heights and distances inaccessible for 
direct measurement could be determined. The user was, 
however, dependent upon the maker of the instrument for 
the accuracy of measurement of the angles whose tangents 
could then be read from the tables. 

In mechanical engineering, how e^el t n eim 

can generally be precisely determined— by means of 



micrometer screw gauges or vernier callipers (specimens of 
which can be found in any science laboratory). Angles can 
thus be measured with great accuracy, or an angle in the 
solid constructed to any desired size, by means of accurate 
measurements of length Since all the sides of the standard 
right-angled triangle are accessible there is no need to 
concentrate on the base of this triangle or to use the tan- 
gent tables. In practice, the " opposite " side, and the 
" hypotenuse " or diagonal are measured and the ratio 
opposite is calculated . Reference to the sine tables will 
then give the value of the angle between the base and the 
hypotenuse. 
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The diagram, Fig. 74, illustrates the principle of the 
" sine bar " used in engineering for constructing actual (in- 
the-solid) angles to correspond with the angles figured on 
drawings. 

12. Sines of Angles in the First Quadrant 

Fig. 75 represents a series of angles formed in the first 
quadrant by a line rotating from OA. 




As the lengths of the denominators are equal and the 
numerators are increasing, it will be seen that: 
(1) sin 6° = 0. 

, I , fri ,1 0 t( '•" 1 • 4 il'.C) (JSCS 

(3) sin 90° = 1. 



= Vl^ (0-8) 

= VO-36 

= 0-6 



angle. 

18. Solution of Right-angled Triangles 

If certain sides and angles of a triangle are given, it is 
possible to find rlie remaining sides and angles. This is 
called solving the triangle. 

To solve a right-angled triangle we use the trigono- 
metrical ratios and the theorem of Pythagoras. 

The methods are indicated in the following examples. 

Example 1. - lit 

\i 1 s i hit I < ■ " </ s ') ; 

Using Fig. 80, we see that we re- 
quire to find the angles at A and C 
and the hypotenuse. 

(1) Using the theorem of Pytha- 
goras, we find the hypotenuse. 
Thus 

AC = V15-8 2 + 8-9 2 
AC = 181 approx. 



(2) To find A and C we i 
tan ACB = ~^r% 



n BAC = ~ 



Example 2. - , , U, solve, the 

' ' ' ■ • i is 6-85 in. and 

one angle is »° 43'. 

In Fig. 81 Z.ACB = 27° 43' 
Then /.CAB = 90° - 27° 43' 
= 62° 17' 



To find CB and AC u 



: the o 



CB = AC c6s ACB 



AB = AC sin ACB 
= 6-85 sin 27° 43' 



= 3-19 ir 



Example 8. To solve I i < angle and the 

hi an •le. 

Using Fig. 82, in which the A 
sides opposite the angles A 
B, C are denoted by «, b, c re 

n etc know B and a 
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Example 4. Equilateral Triangle. 

A In the equilateral triangle, Kig. * 

aw AD perpendicular to the ba: 



side of the triangle be a. 



in 30° = i 
*30° = £ 3 



Example 5. Isosceles right-angled triangle. 
Fig. 84 represents a right-angled triangle i 
AC = CB. 




Then the angles at A and B are eai 

Let each of the equal sides be a 
then AB 2 = AC 2 + CB 2 (Theorei 
of Pythagoras) 

.-. AB 3 = 2a 2 
and AB^ = aV2 
Hence sin 45° = sin ABC = a ~ , 
cos 45= = sin 45° = ^ 
' tan 45° = 1 

Example 6. 1 in i s I, has its left-hand roller 
resting upon a block (t-2 n , , ' . -hand roller -rests 
upon a block 0-325 in. thick. Both blocks rest upon a plane 
1 II hi sui face of the 

bar make with tlu '>.''• ",,»'■ ' bee Fig. 74. 

In the stand ii i _ i - 1 i mangle the side opposite 
the acute angle under consideration is (0-325-0-2) in. The 
hypotenuse is 10 in. So if the acute angle in question is 6, 



From the table of natural sines, 

sin 0° 42' = 0-0122 
and 0-0003 is the difference for 1'. 

Therefore 8 = 0° 43' 

19. Solution of triangles not right-angled. The Sine 
Rule 

Let ABC, Fig. 85, be any acute-angled triangle. Denote 
sides by a. b, c, as previously indicated. 




In a similar way we may show that ^ = ^ j 
the c-sii ; i 1 1' i 1 1 ni i 



sin A sinB sinC 

This is called the Sine Rule and it m 



i which A = 52° 



explained will be employed. 

(1) To find C 

C = 180" — (A + B) 

= 180° - (52° 15' + 70° S 



(2) To find b and c 
Using the sine rule. 



b — log 9-8 + log sin 70° 26' — log sin 52° 15' 

= 0-9912 + 1-9742 - 1-8980 

= 0-9654 - 1-8980 

= 1-0674 

= log 11-68 
b = 11-7 to three significant figures. 



< - • > 

20. Area of a Triangle 

One method of finding the area 
shown on p. 30. There it w 
shown that if we have a triangle su- 
as ABC (Fig. 86) and AD be drav 
i> )'))(" n dicnlar to BC, then the ar 
is iCB . AD. 

Or with the usual notation, if h 
the length of AD then area = \ah. 

Sine formula 

In the triangle ABD 



of a triangle has been 



--ubsiii iiting this for h in the above formula 

Similarly area = \be sin A 

= \ab sin C 
This rule may be expressed thus: 
The area of a triangle is equal to one-halt of the product of 
any two sides and the sine of the angle between them. 



Worked Examples 

Example 1. 1 tri » VB( has its sides a = 10, b = 
c = 8. 4 perpendicular AD is drawn from A fo BC. Ft 
fte /ewgZfo o/BD CD. 

Let CD = x. Then BD = 10 - x (Fig. 87). 




now AD 2 = 8 2 - (10 - %Y (Theorem of Pythagoras) 
also AD 2 = 9 2 — x 2 

64 - 100 + 20* - x°- = 81 - * 2 
.-. 20a: = 117 

.-. BD = 10 - x = 10° - W 



.". the two parts are 5 ? I ' , 




Example 2. A ami B / f > ■ > > 

Za2 feneJ s»i 1200 jyi «/»/"/. J» aeroplane is due easl 
/> mi \ >iul 1! ">J « 
71 / »« A a«rf B. 

Let P represent the position of the aeroplane (Fig. i 

I ! 1 ■■: ■■■ > ■ 1 i 

We require to find AP and BP. 
This can be done if we know BQ. 




BP 



= sec 70 - 



BP = x sec 70° = 1046 x 2-95 
= 3058 yd. approx. 

AP = AQ sec 52° 

= (1200 + 1046) sec.52° 

= 3648 yd. approx. 



EXERCISE X 



The Tangent 
1,1 in 1 



Section * 

1. In Fig. i 
right angle Draw CI) perpendicular to 
AB and DQ perpendicular to CB. 

Write down the tangents of ABC and 
CAB in as many ways as possible using 
lines of the figure. 

2. Construct an angle whose tangent is 
0-6 and measure the angle. 

3. In Fig. 89 if AB is 15 cm and AC 12 C~ 
cm in length, find the values of tan ABC Fig. Sf 
and tan CAB. 

4. From the tables write down the tangents of the fc 

(1) 18° (4) 73° 

(2) 43° (5) 14° 18' 

(3) 56° (6) 34° 48' 

5. Write down the tangents of: 



n the tables find the angles whose tangen 



(4) 1-3001 

(5) 0-6707 
(0! 0-2542 



(1) 0-5452 

(2) 1-8265 

(3) 2-8239 

7. When the altitude of the sun is 48° 24', find the 
height of a flagstaff whose shadow is 20 ft 6 in. long. 

8. Find the vertical angle of a cone in which the diameter 
of the base is 10-6 in. and the height is 12-4 in. 

9. The base of an isosceles triangle is 10 in. and each of 
the equal sides is 13 in. Find the angles of the triangle. 



10. A ladder rests against the top of the wall of a house 
and makes an angle of 69° with the ground. If the foot 
is 20 ft from the wall, what is the height of the house? 

11. From the top window of a house which is 75 yd 
away from a tower it is observed that the angle of elevation 
of the top of the tower is 36° and the angle of depression 
of the bottom is 12°. What is the height of the tower? 

12. From the top of a cliff 320 ft high it is noted that the 
angles of depression of two boats lying in a line due east 
of the cliff are 21° and 17°. How far are the boats apart? 

13. A regular hexagon chxumscribes a circle of 10 in. 
radius. Find the perimeter of the hexagon. 

14. The angle of elevation of the top of a vertical tower 
at a horizontal distance of 100 ft from the foot of the 
tower is 56°. Calculate (i) the height of the tower, (ii) the 
angle of elevation of the top of the tower from a point 
whose horizontal distance from the tower is 200 ft and 
whose height above the horizontal plane through the foot 
of the tower is 55 ft. (N.C.T.E.C.) 

15. Two adjacent sides of a rectangle are 15-8 cm 
and 11-9 cm. Find the angles which a diagonal of the 

ill ii tin sides. 

Section B. The Sine and Cosine 
!. Prom 1 sy 'it i in as in ways as possible 

the sine and cosine of ABC and CAB, using the lines of the 

2. Draw a circle with radius 1-5 in. Draw a chord of 
length 2 in. Find the sine and cosine of the angle sub- 
tended by this chord. 

3. In a circle of 4 in. radius a chord is drawn subtending 
an angle of 80° at the centre. Find the length of the chord 
and its distance from the centre. 

4. The sides of a triangle are 4-5 in., "6 in. and 7-5 in. 
Draw- the triangle and find the sines and cosines of the 
angles. 
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write down the sines of the following 

i. ::• ,\u li'j .'. igli s »i;.i: is 

(2) 0-5115 (3) 0-7906 
mite down the cosines of the follow- 



(4) 38° 50' 

(5) 79° 16' 

(6) 57° 23' 
nrite down the angles whose cosines 

(4) 0-2172 

(5) 0-7910 

(6) 0-5140 

9. A certain uniform incline rises 10 ft 6 in. in a length 
of 60 ft along the incline. Find the angle between the 
incline and the horizontal. 

Find also the rise of an incline of 100 ft long which 
,ii 1 s an n ' of 20 with the horizontal. (U.JL.C.i.) 

10. Construct an angle whose cosine is three times its 
sine. Measure it and check your result from the tables. 

11. In a right-angled triangle the sides containing the 
right angle are 4-5 in. and 5-8 in. Find the angles and 
length of the hypotenuse. 

12. Draw an angle whose tangent is 0-75 and find its 
sine and cosine. (U.E.I.) 

Section C. Secant, Cosecant and Cotangent 
1 . From the tables find the following : 

(1) cosec 35° 24' (4) sec 53° 5' 

(2) cosec 59° 45' (5) cot 39° 42' 

(3) sec 42° 37' (6) cot 70° 34' 



(1) 14° J 
6. From the 



ing angles: 

(1) 20° 46' 

(3) 62° 39' 
8. Ffom the tables ^ 



(1) 0-5332 

(2) 0-9358 

(3) 0-3546 
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2. From the tables find the angles: 

(1) whose cosecant is 1-1476. 

(2) whose secant is 2-3443. 

(3) whose cotangent is 0-3779. 

3. The height of an iso* firs rn n ie is ! S in. and each 
of the equal angles is 52°. Find the lengths of the equal 

4. Construct a triangle with sides 5, cm, 12 cm and 
13 cm in length. Find the cosecant, secant and tangent 
of each of the acute angles. Hence find the angles from 
the tables. - 

5. A chord of a circle is 3 in. long and it subtends an 
angle of 63° at the centre. Find the radius of the circle. 



Section D. Right-angled Triangles 

.ill J , - 1 s ll 11 I 

the right angle are 23-4 in. and 16-4 in. Find the angles 
and the hypotenuse. 

2. ABC is a triangle, C being a right angle. 

If A = 51° 7', and b = 36-64, find a and c. 

X, i i 1 1 c i ■. benis' i li- 

If a = 378 ft and c = 543 ft, find A and b. 

4. A ladder 20 ft long rests against a vertical wall. 
By means of ti , ,nles find the inclination of 
the ladder to the horizontal when the foot of the ladder is: 

(1) 7 ft from the wall. 

(2) 10 ft from the wall. 

Use these angles to calculate how far the top of the 
I ii horn its first to 

its second position. (N.C.T.E.C.) 

5. AB, AC are the two legs of a pair of " steps." 

AB = 10 ft, AC = 12-5 ft. 



The steps are set up on level ground with the leg AB 
inclined at 76° to the horizontal. Calculate (i) the height 
of A above the ground, [iiii the .ingle Al l;. 

(N.C.T.E.C.) 

6. Calculate in square inches to three significant figures 
the area of tin 1 _ I it winch can be cut out of a 
circular plate of diameter 9J in. (U.E.I.) 

7. (a) A pen I'm igi ill an ss ings through an 
angle of 15° on either side of the vertical. Through what 
height does the bob rise? 

(6) If cos A = H| sin 23°, calculate the angle A to the 
nearest degree. (U.E.I.) 

8. P and Q are points on a straight coast-line, Q being 
5-3 miles east of P. A ship starting from P steams 4 
miles in a direction C5j north of east. Calculate: 

(i) the distance the ship now is from the coast-line. 

(ii) the ship's bearing from Q. (N.C.T.E.C.) 



Section E. Solution of a Triangle and 
Miscellaneous 

1. The left-hand roller of a 5-in. sine bar rests directly 
upon a true surface plate. To what heights above the 
surface plate must the right -I i I bi packed up in 
order that the bar may make angles of 20°, 30°, 45° re- 
spectively above the surface plate? Note that packings 
whose dimensions aie kno\ n ni ti I- to 0-0001 in. are 
available in engineering workshops. 

Why would it not be good practice to set the sine bar 
at say 75° with the surface plate? 

2. For a ball 1J in. dia resting in a 65° V calculate the 
distance from the apex of the V to a point of contact of 
the ball. 



(i) If sin A = II, find, by sketching a right- 

angled triangle ABC, the values of cos A and 
tan A. If BD is the perpendicular from B 
on to AC, find cosABD. 

(ii) If cos 6 = 0-8878, find sin 9 and tan 28. 

(iii) Find values of x, between 0 and 360°, which 

satisfy the equation 2-5 sin x = 1-5 cos x. 

(Sunderland.) 

3. The angle of elevation of the top of a tower from a 
point A on the ground is 48°. The angli of depi i 

. '. e ■. . . , I 1 I' , : L ] i 

40°. Find (i) the height of the tower, (ii) the elevation of 
the balloon from the base of the tower. (Sunderland.) 

4. If cos A = sin 23° calculate the angle A to the 
nearest degree. (Sunderland. I 

5. A steel roller 6 ft in diameter is pushed between two 

I togi ther at one end. What will be the 
angle between the plates when the roller axle is 15 ft from 
the hinge? (Nuneaton.) 

6. A 90° notch is machined in a metal block, its section 
having sides 0-3 in. and 0-4 in. long. How large a cylinder 
can lie in the notch with its upper surface level with the 

' surface i ie 1 If this calculation should 
prove too difficult you may proceed by drawing. 

7. Find the length of the open belt connecting wheels 
of radii 2 ft and 6 in., placed with their centres 6 ft apart, 

If the larger wheel is rotating: at 200 r.p.m., rind r'u 
speed of any point P on the rim of the smaller wheel in feet 
per second. (Take n = 3-142.) (Sunderland.) 

8. (a) Construct an acute angle whose tangent is A^- 
t-rom \ oiii" didgraii: or otherwise determine Hie sine and 
cosine of the angle. 

(6) Prove that sin 2 x + cos 2 x = 1. 




9. In a triangle ABC, AB = 3-5 in. and AC = 1-7 in. 
. The length of the perpendicular from B on to AC produced i 
is 1-4 in. Calculate the length of BC. (U.L.C.I.) 



10. A plug of diameter 1 in. rests in an angle as shown 
in Fig. 91 . The depth of the angle is 1-250 in. The sloping J 
side of the angle makes 23° with the vertical and the other 
side is horizontal. 

Calculate the horizontal distance d of the centre of the 
plug from the vertical through the point A. (Nuneaton.) 
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11. A circle is ii ed in imlateral triangle of side 
. in. What is the radius of the circle? (W.R. Yorks.) 

12. (a) The legs of a builder's trestle are 10 ft long. 
:alculate the angle between the legs when the feet are 
; ft apart. Also find the height of the trestle. 

(b) Use logarithms to evaluate: 



(i) V101-6 



(ii) o 



Using your tables find (i) sin 120°; (ii) c 



(W.R. Yorks.) 
a horizontal distance 
>n of the top of the 



14. At 6 ft above the ground and a1 
45 ft from a pole the angle of eleva 

What is the height of the pole? 

(W.R. Yorks.) 
vertical cliff is 320 ft high. Calculate the angle of 
of the top of the cliff from a boat which is § mile 
rat from the foot of the cliff. (Shrewsbury.) 
16. (a) Given that sin 8 = p , find the value of 



(b) Show that (sin A + cos A) 2 = 2 sin A . cos A + 1. 

(c) Find the value of sin (ft + c) when / = 600, t = 0-01 
i _ — I i i tlic i ii expressed in radians. 

(if) Solve the equation 10 sin 2 0 + 9 cos 6 = 12 for values 
of 0 between 0° and 360°. (Dudley.) 

17. A swimming-bath is 30 ft wide and 66 ft long. The 
floor slopes uniformly at an angle of 15°. The depth at 
the shallow end is 3 ft 6 in. Calculate the volume of water 
in gallons required to fill it. (1 cu ft = 6-25 gal.) 

(Worcester.) 

18. The sides of a triangle are 13 in., 8 in. and 10 in. long. 

"ii i)i t <nn the opposite 

angle. What angle does it make with the other sides ? 



T 



19. In a survey a point C is observed from two other ? 
points A and B, 300 yd apart. The angles ABC and BAC 
are found to be 45° and 60° respectively. Calculate the 
length of AC and the shortest distance from C to AB. 

(U.L.C.S1 I 

20. In a reciprocating engine the lengths of the crank CA 
and the connecting-rod AB are 1 ft and 4-8 ft, respectively. 
Calculate the value of the angle ABC to the nearest degree, 
when the angle ACB is 86°. (U.L.C.I.) . 

21. Find the areas of triangles when: 

(1) b = 39-6 ft, c = 50-8 ft, A = 62° 37' 

(2) a = 2-9 in., b = 31-5 in., C = 37° 28' 



:. The pitch diameter of a chain-wheel is 



nby 



Calculate the pitch c 
and A = 0-936. 

23. In connection w 
equation occurred : 



hen N = 15, B = 0-5C 
(U.E.I.) 

le governor, the follow;! 



THE CIRCLE AND CIRCULAR MEASURE 



1. Introduction to the Circle 

' concenti i les it is evident 
the length of the circumfereni e must bi d ini 



If we 



d to the length of the radius. 
The calculation of this relation has been a problem in 
mathematics through the ages, but the exact method of 
obtaining it will be learnt by t i mi he has made 

more pi ogt i oi 

It can, however, be determined approximately by 

For example, we know that the section of a cylinder at 
right angles to ii i rl 

Hence, by wrapping a piece of smooth paper tightly 
round a cyhnd. inti just oyer] > on n mg the paper 
by a pin just beyond the overlapping and then opening 
out the paper, we can measure the distance between the 
two pinholes, and so get an approximate value for the 
circumference. 

The diameter can be measured by callipers or other 

By varying the method I usin ylinders, it is 

found that the ratio of the circumference to the diameter 
:;ve> a constant result, allowance being mace for t i 
mental error. 

From experimental values it is found that this constant 
i.» approximately 3T4. 
The ratio of the circumference to the diameter, how- 



Example 3. The end of t , i / a clock moves 

through 4 2 hi / J ^ 

The end of the hand traces out a circle, and in 18 min it 
rotates through an angle of if X 360 = 108°. 

Since 350 = 2^ 



3. Area of a Circle 




Area of a polygon. 

Let QR be one side of a regular polygon inscribed in a 
circle, whose centre is P, and whose radius is r (Fig. 94). 
Draw PN perpendicular to QR. This will bisect QR, since 
PQR is an isosceles triangle. Now, the area of the triangle 
PQR = |PN X QR. Then the area of the vhole polygon 
would be equal to the sum of the areas of the triangles 
such as PQR— that is, £PN(QR + RS + ST + . . .). 

/. Area of Polygon = JPN X sum of the sides. 

= JPN X perimeter of polygon. 



Area of a circle. 

Now, the circle may be regarded as being made up of an 
-ntimtely large number of triangles, whose bases .ue in- 
finitely small, so that if we increase the number of the sides 
nf the polygon indefinitely, the perimeter of the polygon 
ultimatel} approaches closely to the circumference of the 
itself, and PN becomes a radius. 
Hence area of circle — \ perimeter ■; radius. 




Let A = the area. 

Then A = «?» 

and £ = * (a constant quantity). 

Expressing this in words, w 
is proportional to the square < 

pp. 211 and 212.) 

4. Area of an Annulus or C 

An Annulus is a figure (Fig. 
95) which is bounded by two 
concentric circles and its area 
is the difference between the 
areas of the two circles. 

Let R and r be the radii of 
the outer and inner circles. 

Then area of Annulus 

= *(R 2 -™ 2 ) 

= tt(R + r)(R - r) 
= 7r(Sum of radii) x 

(Din*, of radii). 




= |(D + d)(D - d) 
= 0-7854 (D + i)(D - d) approx. 
Written in this way the formula is suitable for the use of 
logarithms. 

5. Area of a Sector of a Circle 

Let PQR and PRS, Fig. 96, be sectors of a circle in which 
the chord QR = chord RS. 

Since chord QR = chord RS 
ZQPR = ZRPS 
and Z QPS = 2 ZQPR or 2 ZRPS. 

Clearly also the area of 
the sector PQR = area of 
RPS and .\ area of 
QPR = twice area of 
' ~QPR. Suppose an 

the ZQPR. Then the 

Of Til.'' < II" 

QPR). ' 



It follows that 




Let A = the area of the sector 

6 = its angle at the centre. 



Example 1. The area < a ulat pond is f a, 
net foot. 



= -. d 2 = 0-7854i 2 



t logs both sides 



Example 2. 1 t J If th , 

boundary < , 

pave it at 7|d. per sq fl. 
The path is an annulus. 



Then A = ir(R -f r)(R - r) 
-tX (15 + 12)(3). 
= ^ X 27 X 3 sq ft. 
.-. Cost = V X 27 X 3 X ¥ pence 
= 1909 pence to the nearest 
= £7 19s. Id. 



Determination of the Area of a Segment of a Circle 

Let O be the centre of a ci 
and let the chord AB divide the 
1 1 to two segments ACB and 
ADB (Fig. 97). Join OA and OB. 

Then 

Area of segment ACB = Area of 
sector OAB — Area of A OAB. 
Example. In a circle of radius 
( h t in. " chord is drawn ' 1 1 sub- 
tend* -a: umje of 102 til ihe 
II ;u V ; h ■>' 




(1) Let A = the ai 



3142 ;< 3-tU 2 . 
3(H) 



102 



\ i ^ lop ]<l , 

= 0-4072 -;- 1-1222 + 2-0086 - 2-5503 
= 1-0717 
A - 11-80 sq in. 

■a of triangle AOB = I X OA x OB sin AOB 
= 6-5 X 3-64 2 X sin K 
10 sq in. 



Area of a Regular Figure Inscribed in a Circle 

Suppose a figure of n equal sides to be inscribed in a 



If the angular points of the figure be joined to the centre, 
there will be « triangles. 

The accompanying figure (Fig. 98) shows two of these 
triangles having ZAOB = ZBOC = and OA = 

0 B = OC = r. 



Now, the area of a triangle with two sides and the in- 
cluded angle given can be ob- 




Example. Find a • 'ere , ntagon inscribed 

• i/ i. , 

Angle at centre subtended by one side = a f fi = 72°. 

Then, using the formula above: 
Area of one of the five triangles — i X 2-64* X sin 72° 
2-1) i sin 72° X 5 
that is A = 6-5 X 2-64* X 0-9511 X 5 

whence log A = 1-2194 

.'. A = 16-58 sq in. 

Circular Measure 
8. Hitherto in this volume the magnitude of an angle has 
been expressed in degrees or grades, which are obtained by 
the division of a right angle into an arbitrary number of 



This is the method in common use, and it originated in 
very early times in the history of the world. 

There is another method, however, which is of great 
practical importance and in which the unit employed is an 

It can be explained as follows : 




Suppose the line OA (Fig. 99) 
to rotate about the point 0 to 
the position OB, so that the 
length of the arc AB is equal to 
the radius of the circle. Then 



Flo cig length of the radius. 

Hence a Radian may be de- 
fined as the angle subtended at the centre of a circle by an 
arc equal in length to the radius. 

The magnitude of an angle, expressed in Radians, is 
called the Circular Measure of that angle. 

Length of an arc when the angle is given in radians. 

Let 8 radians be the angle subtended by an arc, and let 
r be the radius of the circle of which the arc forms a part. 
Then, length of arc for 1 radian = r 
.". Length of arc for 6 radians = c8 



9. Relation between Radians and Degrees 

Since an arc r units in length subtends an angle of 1 
radian, the number of radians subtended by the circum- 
ference of a circle is given by the number of times the 
{ i i . u lference. 



= 57-3° correct to 1 decimal plao 
s an angle of 113° 30' in radians. 



3T42 x 113-5 

180 
1-981 radians 



The following equivalents are worth remembering : 

e ° = (iio xeo ) radians 

90° = | radians 30° = jj radians 

60° = g radians 45° = j radians 

10. Relation between Angular and Linear Velocity 

Let QMN (Fig. 100) represent a flywheel which has an 
angular velocity of m (omega) radians per sec. 

This means that any radius OQ rotates through an angle 
of <o radians in 1 sec. 



Any point P on OQ will also have the same angular 

Since arc = rd, the arc traced out by Q in 1 sec = « . OQ, 
and the arc traced out by P 
in 1 sec = u . OP. 

In general, if the point is at 
a distance r from the centre of 

that point will be o>r. 
Q Let v = the linear velocitv 
of a point. 
Then v = ur. 

It should be carefully noted 
that though all points on the 
flywheel Lave the same angu- 
lar velocity, the linear vclontv 
of any point will depend on its distance from the centre of 



Example. A flywheel oj - i i n is revolving 

at 80 revohitu i ih in space of a 

Since 1 complete rotation is equivalent to 2tz radians, 
the angular velocity of any point on its rim is (80 X 2n) 
radians per minute— that is — — radians per sec. 

We have seen that v = cor, where w is the angular 
velocity and r is the distance of any point from the centre of 
rotation. Hence the linear velocity of a point on the rim 
= fg x 2,x 2-375 ft per sec 
= fx»iX 2-370 ft per sec 
= 19-9 ft per sec. 




EXERCISE XI 
II the di\a is may proceed 

i Ling on p. 270. 

1. Find the circumferences of the circles whose radii are: 
(a) 5-6 in.; (b) 17-4 ft; (c) 2-9 cm. 

2. Find the diameters of the circles whose circumferences 
are: (a) 370-4 ft; (b) 28-0 in.; (c) 15-2 cm. 

3. A drain-pipe has a diameter of 3 ft 2 in. What is its 

4. Taking the diameter of the earth as 7920 miles, what 
is its circumference ? 

5. If r s the radius and 6 = the angle subtended by an 
arc, find the length of the arc when (1) r = 2-il in 6 = 70 • 
(2) r = 11-4 cm, 9 = 421°. 

6. The path of a pen in a mechanism is an arc of a circle 
of 25 in. radius subtending an angle of 70° at the centre of 
the circle. Calculate: 

(1) the length of the path traversed by the pen; 

(2) the shortest distance between the two extreme 

positions of the pen. (l T .F..T.) 

7. A chord 1-8 in. long is drawn in a circle of radius 
1-2 in. What arc the lengths of the arcs into which the 
circumference is divided? 

8. A thin steel band J in. wide is fastened round a 
cylindrical tube of diameter l\ ft. What is the area of 
sheet-metal required? 

9. How many revolutions will a wheel make in travelling 
I mile if its diameter is 2J f t ? 

10. The length of a pendulum measured from its point 
of suspension to the lowest point is 2J ft. If in a swing 

" 1 1 m angle of 25°, over what 

distance does the lowest point travel? 



11. Express algebraically in each case the difference 
between the circumferences of two circles when 

(1) The radii are R in. and (R - 3) in. 

(2) The diameters are D ft and d in. respectively. 

Section B 

1. Find the areas of the circles whose radii are: (a) 1-4 
cm; (b) 3-8 in.; (c) 12-5 ft. 

2. Find the radii of the circles whose areas are: (a) 
12-6 sq in.; {b) 1250 sq ft; (r)40sqcm; (d) 32-79 sq in. 

3. Find the circumference of a circle whose area is 
64-75 sq in. 

4. Find the circumference of a circle whose area is 3200 
sqem. 

5. Find the areii> of circles whose circumferences are: 
(a) 25-4 in.; (b) 68-4 cm; (c) 124 ft. 

1 A I 1. „ !i i n ' 7 . 3 ft in diameter.! lie 

a door 6 ft 6 in. by 3 ft is 14 ft long and 11 ft high. Find 
in sq feet the area to be plastered (tt = £ 7 S ). (U. L.C.I.) 

7. The radius of a circle is 5 in. A chord is drawn 
at a distance of 3 in. from the centre. Find the areas of 
the two segments into which the 1 1 1 i 

8. A circular plate of metal has a diameter of 1J ft. 
If twelve circular holes of diameter J in. are drilled through 
it, what will the remainder weigh if 1 sq in. of the metal 
weighs 0-35 oz? 

9. A piece of stonework is in the form of a rectangular 
slab 10 ft high and i\ ft wide, surmounted by a semi- 
circular slab. What would it cost to paint both sides of 
itat2Jrf. persq ft? 

Section C 

1. Find the i> i radians subtended by the 

(a) arc = 11-4 in., radius = 2-4 in.; 
(6) arc = 5-6 cm, radius = 2-2 cm. 
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2. Express the following angles in degrees, and minutes: 
(a) 5 radians; (b) 0-234 radian ; (c) 1-56 radians. 

3. If u s the angular velocity of a point in radians, and 
r a its distance from the centre of rotation, find the linear 
velocity of the point in the following cases : 

(1) « = 2-5 radians per sec, r = 3-64 ft; 
(2; o> - 4.-36 radian* per sec, /- — 4-0 Ii ; 
(3) to = 1-48 radians per sec, / = 8-2 cm. 

4. The linear velocity of a moving point P is 5-8 ft per 
sec. Its angular velocity with respect to a point Q is 
4-8 radians per sec. What is the distance from P to Q? 

5. A wheel is making 20 revolutions per minute. Find 
in radians the angle through which a spoke turns per sec. 
What is the linear velocity of a point on the spoke 2 ft 6 in. 
from the centre of the axle? 

6. A water main is 20 in. in diameter, and is more than 
half full of water. The angle subtended at the centre 
by the horizontal surface of the water is radians. 
Calculate : 

(1) the length of the . in umieren. c that is wetted; 

(2) the depth of the water. (U.E.I.) ' 

7. A belt passing over a pulley 10 in. in diameter has 
11 in. in contact with the pulley. 

Find (1) in r ia !) in de tl ingle of the lap 

of the belt on the pulley. 

(The angle of lap is the angle which the part of the belt 
in contact with the pulley subtends at the centre of the 
P ulle y-) (U.E.I.) 

8. A circular arc is 12 ft 10 in. long, the radius of the 
arc is 7 yd \ r subtended bj the arc at 
the centre of the circle, in radians and degrees? 

What length of arc would subtend the angle of 70° in the 
same circle? (U.L.C.I.) 



9. Explain exactly the statement that a " radian " is 
the unit employed in the circular measure of an angle. 

In a textile spinning-machine t i 

swings forward and backward through an angle of 88°. 
The forward motion takes 2-5 sec, the backward motion 
11-5 sec. Find the average number of radians per sec, 
during the forward and backward swings. (UX.C.I.) 

MISCELLANEOUS 
1. A keyway (a rectangular groove) is cut into a 2 in. 
dia shaft to the depth indicated in Fig. 101. What is the 
depth of bearing b of the key in the shaft? 




2. Find all the roots of the following equations which lie 
between 0° and 360°: 

(ij tan 6 = - 3-04; 

(c) sin (20 - 37°) = 0-5673. (Rugby.) 



3. Find all the values of 8 between 0° and 360° for which 
sin 6 = - J. (Coventry.) 

4. A circular arc 14 in. long subtends an angle of 25° at 
the centre of the circle of which it is a part. Find the 
radius of the circle. (Coventry.) 

5. The base of the segment of a circle is 16 ft long and 
I i < > ii i^ 4 ft. Calculate: 

(i) the radius of the circle; 

(ii) the length of the arc; 

(iii) the area of the segment. (Coventry.) 

6. Find the area of a circular sector of radius 7-5 in. and 
angle 25°, without using tables of degrees to radians. 

(Cannock.) 

7. (a.) Through what angle does each hand of a clock 
turn between one o'clock and half-past two ? 

(6) What is the time if the minute hand of a clock has 
turned through 75° since two o'clock? (Handsworth.) 

8. At three o'clock the two hands of a clock are at right 
angles to one another. What is the shortest time which 
can elapse before the angle between them is again 90° ? 

(Handsworth.) 

9. (a) A line AB of length 6 ft revolves at 50 revolutions 
per minute about a perpendicular axis through A. Cal- 

(i) the speed of B in ft per sec; 

(ii) the area swept out by the line in 0-1 sec. 

(b) Find the rate, in feet per second, at which water is 
flowing through a pipe of 2 in. diameter if it delivers 3500 
gal per hr. (1 cu ft of water = 6-24 gal.) 

(Surrey County Council.) 

10. (i) Express in degrees angles of g, j, 2iz, and 1-34 

(ii) Express in radians an angle of 36° 45'. 



(iii) A charm 1 n n tl t 1 1 1 t s 

circle of radius 8 in. The width of the channel is 6 in. 
Find the cross-sectional area of the channel. 

(Nuneaton.) 

11. A round bar of diameter d is machined to have a flat 
of width w, by removing metal to a depth h. 

(a) Show that w = 2Vdh - h s . 

(b) Transpose this formula into a form convenient 

for the calculation of d. 

(c) If machining to a depth of 0-134 in. produces a 

flat of width 1 in. calculate the diameter of the 
bar. (Nuneaton.) J 

12. A locomotive travels at 40 m.p.h., and its driving- 
wheels are. then turning at 160 revolutions per minute. 
Find the diameter of the driving-wheels. 

A coil is wound on a cylindrical former 2-75 in. diameter, 
and consists of a single layer of 84 turns. Find the length 
of the wire used. (Worcester.) 



CHAPTER 12 



MENSURATION OF REGULAR SOLIDS 
(see also earlier note on p. 40) 
.. Units of Volume 

The units employed in the measurement of volume are 
lerivcd from those used in the measurement of length. 
/Vic Vuh-nrc V-.vii is n . ;>.!•■: ic'V'.v !'!(',;.' is a unit n'jlennlh. 
Thus a cubic inch is a cube each edge of which is an inch 

A cubic centimetre (cc) is a cube each edge of which is a. 
entimetre in length. 



G 




!. Volume of a Square Prism 

Suppose a number of cubes each having a volume of 
cu in. to be arranged together as shown in Fig. 102. 
273 



mplrtc -< il i cl formed in this way is 



Clearly there will b 



Treating this more generally, 

Let BF contain / units of length. 
„ AB contain b units of length. 
„ BC contain h units of length. 
There will then be h layers, and each layer 
b rows, with / nbi 5 in 1 h row. Hence t 
cubes will be I X b X h. 

Let V s the volume. 

Then V = Ibh. 

It also follows that l — ~ 



h = - 

The area of the end ABCD is (2 X 3) = 6 sq in., and the 
plane in which it lies is at right angles to the length of the 

In other words, it represents the area of a cross-section at 
right angles to the length of the prism. 

Hence the volume V = Area of rectangle ABCD X length 
= Area of cross-section x length 



Similarly the area of the base is equal to the a: 
section at right angles to the height. 
Then V = Area of rectangle DCKH X height 

= Area of base x height 
We can generalise this as follows: 
Let A = the area of a cross-section of the prism, 
h = the dimensions at right angles to this se 
Then volume . V = Ah 



n this, a 



a of ci 



n A = * 



The Volume of a Cube 

This is a special case of a rectangular pris 
I = b = h, so that if the edge of a cube be x in 



3. Volume of Any Prism 

Fig. 103 represents a rec- 
tangular prism which is 

angular prisms by the plane 
DBFH. 

These triangular prisms 
stand on equal bases GFH 
and EFH. 

The volume of either 

= J (Area of base EFGH _ 

X height) 
= Area of triangular base 
x height 




Then V = Aft 

The bases of these prisms are right-angled triangles. 
It is easy, however, to imagine other triangular prisms which 
have the same height as those shown in the figure, but 
whose bases are not right-angled triangles. 

If the base- i i i i i\e the same area as those 

shown in the figure, the volumes of the prisms will be the 

It therefore follows that the volume of any triangular 
prism is obtained from the formula 
V = Ah 

Since any rectilineal figure can be built up from a number 
of triangles, we can extend this rule to all prisms, whatever 
their bases may be. 

Hence for all prisms, if 

Then V = Aft 

This is known as the Prism Law. 

Example 1. In • . o " , •, iosed box are as 

follows: Length = 2 ft 3 in., width = 1 ft 2 in., height = 
10 in. What is the minimum volume of wood required if I 

Since the wood is f in. thick, the internal dimensions will 
be 261 in ., 13 i in . and 91 in . 

Now, the volume of the wood will be (lie difference be- 
tween the e\ti 1 1 ( 1 1 ' 11 ! \ olumes of the box. 

From the Prism Law, 

K 14 x 10) cu in. 



Hence, volume of wood 

= (27 x 14 x 10) - (261 x 131 x 91) cu in . 
= 3780 - 321741 
= 562fJ cu in. 

= 563 cu in. to the nearest cu in. 



Example 2. The figure ABCD (Fig. 104) represents the 
cross-section of a trench 40 ft long Jit , 1 
1 ' 4 .i,//s 176 lb. 




The trench forms a prism whose cross-section is the 
trapezium ABCD and whose length is 40 ft. 

Let A = the area of the trapezium 
Then A = ^i^4sqft. 
= 20 sq ft. 

Let V h the volume of material removed 
Now V = Ah where 11 = length of trench = S X 40. 
Weight of material ^ 20 x 40 X 176 lb 
_ 20 X 40 X 176 

2240 S 
= 62-85 tons approx. 
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Example 3. Th Ji^k . I K Hi .1 
, ' / i ii FE = CB = | in., AB 

2-5 /«. n«<? AF = 3-3 in. Its length is 18 ft. Find 
eight, if 1 at in. weighs 0-28 lb. 




Area of cross-section 

= Area of rectangle ABCN + rectangle NFED 
= (2-5 X 0-375) + (2-925 X 0-375) 
= 5-425 X 0-375 sq in. 
The angle iron forms a prism so that 

V = All. 

nd h = 18 ft = 216 in. 

V = 5-425 X 0-375 X 216 cu in. 
Hence weight = 5-425 X 0-375 X 216 X 0-28 lb 

= 123 lb approx. 



The Cyli 

L Surface 

A cylinder is a regular solid v, 
5 formed by the rotation ol 



. of a rectangle about one of 
106), let the rectangle ABCD 



the figure (Fi 
rotate about AB. 

Then AB is the axis of the cylinder. 
Any point P in DC will, at the same time, form a circli 
, i ii d th is circle will be a section of the cylinder at right angh 



to tl 



s AB. 



Let r = the radius of cross-section 
h s its height. 

Now, the area of the curved sur- 
face of a cylinder is clearly equal to 
that of a rectangle whose length is 
equal to the circumference of any 
cross-section, and whose height is 
equal to the height of the cylinder. 

This can be very easily verified by 
first wrapping a piece of smooth 
paper round the cylinder so that it 
is exactly covered, and then opening 
out the paper on the flat. 

Hence area of curved surface 



of a cylinder. 




Also area of each end of the cylinder = ti*- 2 . 
Let S m the total surface. 

Then S = 2nrh + 2xr* 

r S = 27ir(ft+«-)' 

See also No. 24 Miscellaneous Exercises, Chapter 2. 



5. Volume 

As already stated, the cross-se 
a circle, and si 



in the limit a 
of sides (see 
prism, and it 



polygon v 
>. 258, §3), we can t 
volume will thus be 



md from the Pris 



:s height 

g. 107) V = Ah 



r = the radius of base. 



6. Volume of a Hollow Cylinder 

The volume of the material contained in a hollow cylinder 
can be expressed as the difference between the volumes of 
two cylinders. 

Let R and r (Fig. 108) be the external and internal radii 
of the hollow cylinder, and h its height. 



Let V s the volume of the material. 

Then V = nWh - -r 2 /i. 

= Tu/t(B 2 — r 2 ) 

= nh(R + r)(H - r) 

Example i. 1 \ ' ' 

I ' ' i,>y 2 ft. 

(1) Its height. 

■ ■ > oimed 

(1) Since 1 cu f t = 6} gal 

the volume V = = 4 cu ft. 

61 

But V = T.r*h, where h - the height, r = the radius. 

Then 4 = 3-142 xl 1 .* 

• 1 :! .'l2 

(2) Let S = Uie total external surface of the tank. 
Then S = 2nr(h + r) 

= 2 x 3-142 X 1 X 2-273 
= 14-28 sq ft. 



Example 2. 1 < i i u 

< ; awi-ter ar.i I in. thick. Fir.d its u-virrd if Va material 
is' 7-8 limes as dense as water. 

Taking 1 cu ft of water to weigh 62-5 lb, 1 cu ft of the 
material of the pipe will weigh (62-5 X 7-8) lb. 

Since the pipe T ■ \olumeofthe 

material V is obtained from 



V = 7t/z(R + r)(R — r) as above; 



" X 1728 ' " a 
Its weight 



Volume of a Pyramid 
7. Fig. 109 represents a cube standing on its base DBCE. 
The diagonals of the cube i'H, ND, CQ and ME intersect at 



The lower halves of these diagonals — namely, AB, AC, 
AE and AD — form the slant edges of a pyramid standing on 
the base BCED, and the height of this pyramid i- 
of the cube. 

Each face of the cube forms the base of a similar pyramid 
with its apex at A, and having the same height and the same 



volume as ABCED, so that the cube can be con 
being built up of six pyramids equal in volume. 
Let a = the edge of the cube. 



Now J«» = i x a* X \a 

that is Volume of pyramid = \ > area of base x its height. 

But Area of base x height = Volume of the correspond- 
ing prism. 

Hence we t an 

that is V = i Ah, 
where A is the area of the base. 

Though we have only dealt here with a pyramid on a 
square bus*.', the rule is applicable to all pyramids. 

Example, find (a) the volume ol a pyramid whose base 

i • / I i 

(In rind at tit ai i h I -pi < ir, *ces 
(a) Volume of pyramid 

If A se the area of the hexagon ABCDEF (Fig. 110) 

and h = the height PQ 

then V = iM 

Now A = 6 times equilateral AQBC. 

Draw QN perpendicular to BC. Then QN bisects BC. 

Area of AQBC = JBC X QN 



• Then PMN is approximately ••■ triangle, and the closer 
M and N approach one another, the closer is the approxima- 
tion. At the same time, the perpendicular from P to M 
a pproximates very closely to the slant height PM. We can 
therefore look upon the curved surface as being built up of 
an infinite number of small triangles of height PM. 
Now, area of the triangle 

= \ X slant height of rone X MN 
:. Sum of areas of all such triangles is 
| X slant height of cone x (sum of bases such as MN) 
and the sum of these bases su. h ,i> M.N ultimately approxi- 
mates to the circumference of the base of the cone. 
.'. Area of curved surface of a cone 

= \ circumference of base x slant height. 
Let r = radius of base, 

/ = slant height. 
Then circumference of base = 2-xr 
:. Area of curved surface = J x 2» x ; 

Let h = the height of the cone. 

Then from the figure, PQS being a right-angled triangle 
I* = h 2 + r*- 
that is I = Vh* + r* 

Area of curved sr.rtac; :r \ I;- 
f * ' tl i i ration as well, 

Total Surface = -nrl + nr* 
= wr{t + r) 

It should be noted that the two cones PLT and PRS have 
the same vertical angle, and therefore they are similar. 



Example. A tent is in the form of a cylindei • , 
■ ■ r :■•:>;;'. ~fi,:d the total drcd ei" can: as required, if the height 

!U ii 18 ft, and height of cylindrical -portion is 12 //, 
Kith a diameter of 26 ft. 

(a) Slant height of conical portion I = Vr 1 + i? 

= 14-32 ft. 

.-. Since Area = nrl 

Area = f x 13 X 14-32 sq ft 

(b) Cylindrical portion of tent 

If h s the heigh ic =i drus of base. 

= 2x^x13x12 
«= 980-6 sq ft. 
.-. Total canvas required = 585 + 980-6 sq ft 
= 1565-6 sq ft. 

9. Volume of a Cone 

Since, as has already been shown, we can consider the 
cone as a special case of a pyramid, the formula V = JAA 
can be applied in determining its volume. 

Now A, the area of the base = to- 2 

.". Volume of a cone = ^r 2 h. 

Hence the volume of a cone is one-third the volume of a 
cylinder of the same height and base. 

Example. 1 / b tse of side 8 in. 

What is the radius of the base of a cone having tit? same 

• .• -i d.dd. height? 

For the pyramid V = \Ah 

For the cone V = §nr 2 h 




Volumes of Similar Solids 
10. We have seen in a previous chapter that the areas of 
in are proportional to the squares of the corre- 
.■.ptiTiiliii;,- lineal dimensions. 

A similai ml n ' 1 i ie b J.id to their 

It is stated as follows : 

The 1 ' ' ■> 

Illustrations 

(1) The rule obviously applies to two cubes, for if x, 
and x 2 are the edges of two cubes, and Vj and V 2 the 
■'orrespondinc; volumes 

V l = x* and V 2 = xj> 

•'■ % = sj 5 

Let ABC and DEF be two similar cones (Fig. 112) whose 
t | and tnd the radii of whose liases arc r } 

Since /BAC = ,/EDF 

ZP,AC = ZPsDF 
.". The As PjAC, P 2 DF are similar. 





Example. The volume of a cone of height 12-8 in. is 

] (I 1 7 c 

is 70 cu in. 



_ 3 /70 > 



log h,, = l(log 70 - 8 log 12-8 - log 180) 

= 0-9704 
.-. h. = 9-342 in. 



The Sphere 

12. A sphere is a solid ,m-b that cvc-rv point on its surface 
is t (]nirlistant from a nxeii point within it, which is called 
the centre. 

We can consider a sphere as being formed by the rotation 
of a semi-circle about a diameter. 



Though for practical purposes it is necessary that the 
student should be acquainted with The formula: by which 
the area of the surface and the volume of a sphere can be 

calculated, the proofs will not be given, as they involve a 
knowledge of mathematics whirl: is bevond the scope of 



13. Area of the Surface of a Sphere 

Let R = the radius of sphen 



14. Volume of a Sphere 

Let R = the radius of a 



Example 1. Find the weight of u hemispherical bowl of 
copper whose external and minimi radii are 10 cm at. * 
9 cm respectively. Take fire density oi copper as 8-0 g 

Let R 2 and R 2 bo the radii. 

The volume of mate-rial = .U}rR,* — firR 2 3 ) 

= - R 2 3 ) 

= f X V(1000 - 729) cc. 

Hence weight of material = § x X 271 x 8-9 gm 
= 5053-5 gm 
= 5-054 kg approx. 



a plated = r3 sq ft 

= '^ t y^ sq ft. 



Hence if R be the radius of the sphei 



" 4 x 3-142 X 2 3 



~ 1Z V 3-142 X 



15. Use of Tabulated Matter 

ft is essential that the student should use the rules of 
mensuration with confidence. It is better that the 
formulae should serve merely as reminders of the rules than 
as expressions to be evaluated by unintelligent substitution. 
It is well known among teachers that an answer obtained 
by blind substitution is commonly stated in wrong units. 

One advantage of a clear understanding of the rules of 
mensuration is that tabulated information can be safely 
introduced in order to shorten the calculation. Engineers 
commonly simplify their computations a good deal by 
doing this. 

Example. Thus the 6 in. x 3 in. rolled steel joist of 
the example on p. 39 is given by reference-book tables as 
weighing 12-0 lb per ft run correct to three significant 
figures. The " web oi his] t is V-Co in. thick. 

By what percentage would a beam made from this rolled 
section he lightened if hales :i in. dia were cut in the web, 
spaced 5 in. centre to centre? 

The area of one 3 in. dia hole, is 



[VOL. I 

The volume of metal removed is obtained by multiply- 
ing this area by the thickness 0-25 in. The weight of metal 
removed is in turn obtained by multiplying the volume by 
the density of the rolled steel, which is 6-284 lb per cu in. 

W eight of metal removed per hole is 

T } X 3 2 X 0-25 X 0-284 lb 



Now there is one hole for each 5 in. run of the joist. 
At 12-0 lb per ft, a run of .5 in. weighs 5 lb. 

So the percentage saving in weight through boring the 



ig by 1 lb, we arrive at the percentage figure 
10-06, 

or 10-1 to three significant figures, 
bat the unit of weight, 1 lb, cancels. The per- 
vould have worked out the same if the weights had 
:n, say, in kilograms. 



EXERCISE XII 
At the di\ti lion i , ihUuti may proceed 

directly to Sectv i 1' I , 

Section A 

1. A bar of metal is 3 ft C in. long, 3 in. wide and 1| in. 
thick. Find its volume, and weight, if 1 cu in. weighs 
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3. A rectangular room is 50 ft long, 30 ft wide and 12 ft 
high. If it is occupied by 45 persons, how many cubic 
feet of air are available for each person? 

4. A rectangular tank is 4 ft long and 3 ft wide, and con- 
tains a certain amount of water. If on dropping a solid into 
it the water rises 1J in, what is the volume of the solid? 

5. If in the previous question the tank is 2 ft deep, find 
its capacity in gallons if 1 gal = 277-3 cu in. 

6. The cross-section of a rectangular beam is 150 sq in. 
If its length is 16 ft, find its weight if 1 cu ft weighs 36 lb. 

7. A cubic foot of lead is hammered out in order to make 
a square sheet f in. thick. W hat is the area of the square? 

8. The concrete foundation for a wall is 1 ft 4 in. thick 
and 3 ft wide. Calculate the weight in tons of the concrete 
required for a foundation 40 ft long if 1 cu ft weighs 
133 lb. 

9. A tank is required to contain 250 gal of water. If 
the length is 3 ft, and the width 2 ft, what must be its 
depth? (Take 1 cu ft = 6| gal.) 

10. The internal dimensions of a wooden box without a 
lid are: length = 3 J ft, width = 3 ft, depth = 2 ft. 

If the wood be 1 in. thick, calculate the volume of wood 
required. 

11. A prism has an equilateral triangle of 1-in. side as its 
base, and its length is 15 in. What is its volume? 

12. The in I h i I i < i -i hi j _ 1 
sq ft and its length is 12 ft. What is its capacity in 
gallons? 

Section B 

Cylinders 

1. Find the total surface area of the cylinders in which 
(a) Height of cylinder — 12-5 in., radius of base 

(i) Height of cylinder = 3-4 ft, radius of base 

= 0-6 ft. 



2. What would it cost to paint the curved surface of 
four cylindrical oniars :m it high, and whose radius of 

3. A garden roller is 2 J ft long and has a diameter of 
21 in. What area of ground would be covered bv it in 
140 complete revolutions? (71 = -^.) 

4. If a system of heating by hot water is composed of 
980 ft of 4-in. pipes (external diameter), find in square feet 
the surface area of pining giving out heat. (71 = - 7 -.) 

(U.L.C.I.) 

5. A cylindrical tank closed at both ends is to be made of 
sheet metal. The diameter of the base is to be 3 ft 6 in., 
and the height 5 ft 3 in. Find the surface area of the 
sheet metal required. (U.L.C.I.) 

6. Find the volumes "I tin . yliwU-ix with the following 
dimensions : 

(a) Diameter of base 3 in., height 6 in. 
(A) Diameter of base lo cm, height 34 cm. 

7. If R and r are the external and internal radii of a 
hollow cylinder, find the volume of material in each of the 
following cases : 

(«) R = 1-25 ft, r = M ft and h = 16 ft; 
(J) R = 8 in., r = 6-5 in. and I = 3 ft 6 in. 

8. A flywheel has a diameter of 2 ft and its thickness is 
3-6 in. Find its weight if a cubic foot of the metal of which 
it is made weighs 487-5 lb. 

9. The volume of a cylinder is 220 cc, and the radius of 
cross-section is 3 cm ; find its height. 

10. What length of wire of diameter 0-6 mm can be 
made from 630 cc of copper? (st = 

11. Find the weight of 24 ft of steel shafting if the 
diameter is 8 in. and 1 cu in. weighs 0-28 lb. 

12. (a) A circular metal washer has a square piece cut 
out. If the diameter of the washer is 2R, the thickness 



t, and the side of the square /, express the volume V by 
means of a formula. 

(b) If R = 5-02 in., t = 0-19 in., I = 6-01 in., find V. 
(* = 3-14.) (U.E.I.) 



Pyramids, Cones and Spheres 

1. A pyramid 12 in. high stands on a square base of 
fi in. side. Find (,:) its volume. (b) its total surface area. 

2. Find the volume of a pyramid win- Si stands on a hexa- 
gonal base of 1-5 cm side, and has a height of 8 cm. 

3. Find the volumes of the cones of the given dimensions 

(a) Radius of base 4-5 in., height 9 in. 

(b) Radius of base 1-8 ft, height 12 ft. 

4. Find also the total surface area of the cones in 
Question 3 (a), (6). 

5. A conical heap of earth has a slant height of 10 ft, 
and the circumference of the base is 32 ft. What is its 

6. The vertical angle of a cone is 60°, and the radius of 

Find (a) its volume, (b) its curved surface. 

7. The area of the curved surface of a cone is 22-4 sq in. 
and the slant height is 8 in. Find the area of the base of 
the cone. 

8. The curved surface of a cone is 20-48 sq in. What 
is the curved surface of a similar cone whose height is 1-4 
times that of the first? 

9. The heights of two similar cone.-, are in the ratio of 2 : 3. 
If the volume of the smaller is 1 5 cu in., what is the volume 
of the larger ? 

10. A pyramid of metal planning on a square base of 
6 in. side weighs 100 lb. What would be the weight of a 
•similar pyramid the edge of wdiose base is 4J in.? 



11. Find the areas of the surfaces of the spheres whose 
radii are (a) 2-4 cm, (b) 5-6 in. 

12. Find the volumes of the spheres whose radii are 
(a) 1-6 cm, (b) 4-2 in., (c) 2-5 ft. 

13. What would it cost to electro-plale a metal sphere of 
2 ft diameter at 5s. tW. per square foot? 



Section D 

Miscellaneous 

1. The following information relating to steel bars is 
taken from an engineers' reference book: 




Use this information to calculate as simply as possible the 
weight of parts made to the sketches Figs. 114 and 115. 

(Based on C.G.L.l.) 



2. A steel rivet is in the shape of a cylinder surmounted 
by a hemisphere. The diameter of the cylinder is \ in. 
and of the head 1 in. ; the greatest length of the rivet is 2 in. 
Find the weight of 100 rivets if steel weighs 0-28 lb per 
cu in. (Rugby.) 

3. Whatwould be the diameter of a cylindrical petrol tank 
6 ft long to hold 250 gal? (1 cu ft = 6| gal.) 

(Rugby.) 

4. (a) What area of cam as will be required for a conical 
tent 12 ft high and 10 ft base diameter: 

(b) It is estimated that a spherical observation balloon 
will require to be 18 ft in diameter. How many cubic feet 
of gas will it contain when fully inflated? What is the 
total area of fabric needed >., t ..< el it with a double lavcr? 

(Rugby.) 

5. The rim of a cast-iron flywheel is 6 in. wide and 6 in. 
thick and of outside diameter 8 ft. Calculate the weight 
of the rim if 1 cu in. of iron weighs 0-26 lb. 

(Burton upon Trent.) 

6. (i) A solid lead cone, 12 in. high and of base radius 
3 in., is melted and recast into two identical spheres. Find 
the radius of each sphere. 



(ii) The diameter of a bicycle wheel is 28 in. If the wheel 
rolls through 5 revolutions in 2 sec, find the speed of the 
bicycle in miles per hour, (tc = (Sunderland.) 

7. A container (steel-works) is in the form of a cylinder 
of height 10 ft and diameter 8 ft; its bottom end is a. 
hemisphere of the same radius as the cylinder. Three- 
fifths of the total volume is filled with molten metal 1 cu ft 
of which weighs 450 lb. Find the weight in kilograms of 
the metal in the container assuming the measurement 
given refer to the internal dimensions of it. 

(Sunderland.) 

8. Find the capacity of a bucket made in the shape of 
frustum of a right circular cone, height 10| in., diamet( 
of ends 11 in. and 5| in. (Take - = "f and" 1 gal = 277-0 
cu in.) (Sunderland.) 

9. A hollow rectangular block with closed ends has 
length of L ft. The cross-section of the cavity is a square 
of side x in. The metal is t in. thick and weighs z lb/cu in. 
Determine the volume and weight of the block. 

(U.L.C.I.) 

10. A cone 40 in. high lias to be cut parallel to its base 
so that the resulting smaller rone is three-quarters of the 
weight of the original cone. What should be the height of 
the smaller cone? (U.L.C.I.) 

1 1 . A brass tube 9 ft long has an outside diameter 3 in. 
and inside diameter 2-8 in. Calculate the volume of brass 
in cubic inches. 

If a cubic inch of brass weighs 0-3 lb, what is the weight 
of the tube? (U.L.C.I.) 

12. Hemispherical bowls for plumbers' ladles are to be 
cast in iron, 75 at one pouring. What weight of melted 
metal will be needed if each bowl is 5 in. internal diameter 
and the metal is xs in. thick ? (1 cu in. of iron weighs 
0-26 lb.) ' (Nuneaton.) 

13. The diagram shows the vertical cross-section of a 
metal bucket which is strengthened by means of a circular 



ring which is rigidly attached to the bucket at a vertical 
height of \\ ft above the base. Find: 

(a) the height of the cone of winch the bucket is a 

part; 

(b) the circumference of the ring where it contacts 

the bucket ; 

(c) the angle of slant, ft, of the bucket to its base. 



(Surrey County Council.) 
A frustum of a cone hn, end diameters of 6 in. and 
and a height of 8 in. 

(i) Calculate the height of the cone of which the 

frustum might I; sve formed the lower part. 

(ii) Caicuiati ill iuin if the frustum by con- 

sidering it as the difference between the 
volumes of two cones, 
(hi) Calculate the area of the curved surface of the 
frustum by using a method similar to the 
one you used for calculating the volume. 

of circular metal of 
ent to form a cone, 
cone. (E.M.E.U.) 



15. A quadrant is cut out of a piece 
radius 11-3 cm, and the remainder is I 
Find the base radius and height of the 



16. The diagram shows the vertical cross-section of a 
glass electric light shade which consists of a hemisphere 
surmounted by two cylinders. If the topmost cylinder has 
a circular aperture of diameter 4 in., find the surface area of 
glass in the shade. 
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(Surrey County Council.) 

17. Water flows in a 31-in. pipe at the rate of 10 ft per 
sec. How many cubic feet are delivered per hour? 

(W.R. Yorks.) 

18. (a) A rectangular tank 4 ft long, 3* ft wide and 4 ft 
deep is half full of water. A metal sphere of diameter 1 8 in . 
is placed in the tank. Calculate the new depth of the 

(b) A pipe of 3 in. internal diameter is running full of 
water at 7 ft per sec. Calculate the discharge in gallons 
per minute. (1 cu ft = 6| gal.) (Shrewsbury.) 

19. (a) Write down an expression for finding the area of 
the curved surface of a cylinder, explaining the symbols 



(b) Calculate the amount of cooling surface provided by 
the tubes of a surface condenser if there are 1000 such 
tubes, each 6 ft long and 1 in. outside diameter. 

(Worcester.) 

20. If the ratio of the weights of two spheres made of 
the same material is 27 : S. rind the ratio of: 

(i) the radii; 

(ii) the surface areas. (Coventry.) 

21. The average speed of water flowing along a pipe is 
3 ft per sec. What volume of water will pass through any- 
particular section in \ min if the diameter of the pipe is 
8 in.? 

22. The cross-sec lion of a wedge is an isosceles triangle 
whose sides are 8 in., 8 in. and 3 in. 

If the width at right angles to this section be 9 in., find 
its weight, taking 1 cu in. to weigh 0-026 lb. 

23. The interior cross-section of a water-trough is a semi- 
circle of diameter 24 in. 

If the length of the trough be 12 ft, how many gallons 
does it contain? (Take 1 cu ft = 6i gal.) 

24. A cast-iron dumb-bell consists of two spheres of 2J in. 
diameter connected by an iron cylinder 6 in. long and 1 in. 
diameter. 

Find its weight ii 1 cu in. weighs 0-26 lb. 

25. A square metal plate of side L, thickness, t, has a 
in ular hole in it of radius r. 

(a) Give a formula for the volume of the metal. 

(b) If L = 10 cm, t = 0-67 cm, r = 4-4 cm, what 

percentage of the metal was cut away when 
the hole was made? 

26. Given that the weight of 1 cu in. of copper is 0-32 lb, 
calculate the weight of a copper tube of internal diameter 

1 I ! I I ii IV 



304 national certifica: 

Find, by proportion, the weight of a similar tube of 

The weight of 1 cu in. of aluminium is 0-098 lb. 

(U.E.I.) 1 

27. A brass plat,- for a ■ ondenser is J in. thick and is in 
the form of a rectangle 2 ft 1H in. long by 23} in. broad. 
Each corner is rounded off to a radius of 3 in. Sketch the 
plate and calculate its weight. (1 cu in. of brass weighs 
0-3 lb.) (U.E.I.) 

28. The diameter ,.J a ga.- engine cylinder is 0-5 in. and 
the stroke of the piston is 12 in. Calculate the stroke 
volume (V), i.e. the volume swept through by the piston j 
in one stroke. If the clearance volume (c) is 30% of the 
stroke volume, del ermine the clearance volume. 

Find also the compression ratio (r) from the formula 



(U.L.CX) 

29. Copper is »•» times as heavy as water. Find the 
weight in pounds of a copper wire 1000 ft long and 0-01 in. 
in diameter. Find also the weight of the same length of 
copper wire when the diaiD.1, , j, ih in. (U.I..'.'. L ) 

30. A cylindrical tank, open at the top, is made of sheet 
metal which weighs 1-8 lb per sq ft. The diameter of 
the tank is 2 ft 6 in., and its depth is 8 ft. Allov 
20% additional metal for joints and stiffening, find the 
weight of the tank («) when empty, (ft) when full of water. 
(1 cu ft of water weighs 62-3 lb.) (U.L.CX) 

31. The areas of the surfaces of four spheres are to one 
another as 1 : 36 : 64 : 81. Find the ratio of the volume 
of the largest sphere to the sum of the volumes of the othi 
three. (N.C.T.E.C.) 

32. A hollow 'dosed cubuul box is mn.de of metal ] h 
thick. The length of each outside edge of the box is 2 ft. 
Find the weight of the box. given that 1 cu in. of the metal 
weighs 0-3 lb. (N.C.T.E.C.) 
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33. The breadth and height of a rectangular block are 
equal; the length is five times the breadth. Obtain a 
formula for the total surface area in terms of the height. If 
the total surface area is 198 sq in., calculate the height and 
also the volume. (N.C.T.E.C.) 

34. A steel plate 1 in. thick is in the form of a portion of a 
circle bounded by two radii 4 ft 7 in. long, which include 
an angle of 54}-. Calculate the weight of the plate. (1 
cu in. of steel weighs 0-28 lb.) . (U.E.I.) 

35. A storage tank is in the form of a horizontal cylinder 
with hemispherical ends. Total overall length is 6 ft 6 in. 
and length of cylindrical portion is 4 ft. Calculate in 
gallons the quantity of liquid stored when the tank is 
half full. (1 cu ft = 61 gal.) (U.E.I.) 

36. A cylindrical jar contains 100 kg of mercury. Esti- 
mate the height of the mercury to the nearest centimetre, 
given that the inside diameter of the jar is 12 cm and that 
1 cc of mercury weighs 13-5 gm. (Take it = 3-14.) 

(N.C.T.E.C.) 

37. The circumference of a certain solid cylinder is equal 
to half its length. Obtain formula; for its volume in terms 
of: 

(1) ii 



If the volume of the cylinder is ~_ cu in., what is its 
length? ' 71 (N.C.T.E.C.) 

38. A cast-iron weight should be j lb, but weighs 4-98 lb. 
To correct this a hole f in. in diameter is drilled in the 
weight and then plugged with lead. Calculate in inches to 
three significant figures how deep the hole should be. 

The weights of 1 cu in. of cast iron and of lead are 
0-26 lb and 0-41 lb respectively. (U.E.I.) 

39. A tube 50 cm long of 'small bore was filled with 
mercury which was afterwards run out and weighed. 
Weight of mercury = 33-99 gm. 



Calculate : 

(1) the mean cross-sectional area of the bore of the 

(2) the diameter of the bore. 

(I cc of mercnrv weighs 13-6 gm.) 

(U.E.I.) 

40. An iron bar 5 ft long has a uniform cross-section in 
the form of a sector of a circle. The angle subtended by 
the arc is 65° and the radius of the arc is U in. 

Given that the iron weighs 480 lb per'cu ft, find the 
weight of the bar. (U.E.I.) 

41. The length of a hexagonal bar of mild steel is 16 ft. 
The perimeter of its cross-section is 7-5 in. Find the 
weight of the bar given that the volume of 1 lb of the steel 
is 35-7 cu in. (N.C.T.E.C.) 

42. If a cubic foot of iron weighs 480 lb, find the weight 
per square foot of iron plating J in. thick. (U.L.C.I.) 



VARIATION 



(A) When one Quantity is Directly Proportional to 
Another 

1. If I go into a shop to buy tea of a certain quality, I 
know that the amount I must pay is proportional to the 
weight I buy, whatever the price per lb. 

Thus, if I buy 4 lb, I know I must pay twice as much 
as for 2 lb. The ratio of costs for two different amounts 
wffl be the same as the ratio of their weights. If we 
generalise this and represent two weights by Wj,, W 2 and 
the corresponding costs by C 1; C 2 , then we know that 
C,_ Wj 

c s _ w 2 

Thus any two such pairs of values gives us four numbers in 
proportion, and so we say that the cost is proportional to 
the weight, or, more precisely, the cost is directly pro- 
portional to the weight. 

Similarly if a train is moving with uniform velocity the 
distance passed over is dependent on the time. Thus we 
know that the distance passed over in 7 sec would be Si 
times the distance passed over in 2 sec. If two times are 
represented by Tj, T 2 and the corresponding distances by 
S,, S„ 

h Si _ Ji 

then S 2 T 2 

As before, the distance is directly proportional to the time. 

2. Using another method of .expressing the same idea, 
which is common in Mathematics, we say, 

Distance varies directly as time. 



Cost varies directly as weight. 

To take another example, we know thai the circumference 
of a circle is proportional to the diameter. 

Thus if we have two circles of circumferences Cj and C 2 
and diameters d 1 and d, 

then c=% 

The circumference varies directly as the diameter. 



If we had another circle ol circumference C 3 and diameter 
d 3 we could similarly write 

Cj ( , •: , 

d , _ 'iU ~ d 3 

These and similar ratios for other circles must all have the 

Let this value be represented by K. and let C and d 
represent the circumference and diameter of any circle, 
then it follows that 

d= K 

whence C = K . d 

Similarly, using general notations for the examples above 
C = K.W 

and 5 = K . T 

It should be carefully noted that the K lias a different 
value in each case. The student knows that in the case 
of the circle K = r. and the equation becomes 
C = -d 



The symbol oc is used in 
" proportional to " or " varies a! 

Thus we could express the r< 



n the quan- 



To generalise the above : 
If a quantity y is propor 
another quantity x, 



3. Geometrical Illustration 

If we plot circumference 
against diameter, we get a 
straight-line graph. 

If, as in Fig. 118, we re- 
present the lengths of cir- 
cumferences C,, Co, C 3 , corre- 
sponding to diameters d v 
d,, d s , 

then C i-&_C 3 

We have seen also (Chapter 
10, § 8) that each of these 
ratios represents tan 9, where 
0 is the angle made by the 
straight line witli the x axis. 

Clearly the graphical re- 



presentation of such a relation as one quantity varying 
directly as another, is a straight line. 

We have also seen that the equation of a straight line 
passing through the origin is y = mx, so that m, the 
tangent of the angle made with the x axis, represents the 
constant K, which we have used above. 

4. Other Forms of Variation 

(1) We have seen that the circumference of a circle 
varies directly as the diameter. But this is not true of 
the area of the circle. Tf two circles have areas A 1 and 
A a , diameters if, and d t , 




Similarly for other circles. Generally we may say that 
the Area is proportional to the square of the diameter, or 



Similarly with a falling body —the velocity not being 
uniform — we learn in Mechanics that the distance passed 
over is proportional to the square of the time, or if S and T 

be the distance and time 

S xf*. 

The actual formula which connects them is 

S = igk 
where Jg represents the constant K. 
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(2) Let us consider two spheres whose 


volumes are 


Then V, = fray 3 








whence y ^ ^, 




We can deal similarly with other spheres 
we can say that the volume is proportional 
the radius, or 

V x H 


and generally 
to the cube of 


Hence as before V = Kr* 

and K = J.v 





simple pendulur 



where I is the length of the pendulum and g is a constant 
at the point on the earth's surface where the experiment is 

This formula can be written in the form 
— ■J 

If therefore we have two pendulums whose lengths are /, 
and Z, and wh 1 itnu ueT,andT 2 



T 2 _ ^ 

We can deal similarly with pendulums of other lengths. 
Hence we may say that the time of vibration is proportional 
to the square root of the length, or 

T ccfi 

or T x vT 



Therefore as in the previous cases T = K . VI. 
In this case the constant K = T 

(B) Inverse Variation 

5. The cases so far dealt with have been examples of 
direct variation. 

If, however, we compare two rectangles which have the 

magnitude the other dimension will decrease. If one has 
double the height of the other, its base will be one-half 
that of the other. 

If the length of one is 2J- times the length of the other, 
its base will be only I of that of the other rectangle, and 

Let Aj and h 2 be the heights of rectangles of equal area, 
and let b 1 and b 2 be their bases. 

Then W = /t 2 6 2 




This relation is expressed by stating that the heights are 
inversely proportional to the bases, or that the height of a 
rectangle varies inversely as its base, provided its area 
. .:,> , ;,n;:--_ 

( Generalised, we say that 




where K is a constant. 



Many examples could be given of this pa 
but two will suffice. 

(a) The volume of a gas varies inversely a: 
if the temperature be constant. 

If P = the pressure, 



where K is a constant depending on the mass of gas 
employed. 

(b) Theelectii- 1 i i i\ en length and 

material is inversely proportional to the area of its cross- 



i material of which 



(C) Determination of the Quantity K 

6. The problem which usually confronts the student is to 
determine the constant K, and so obtain the law connecting 
the quantities concerned. 

To enable us to do this, we must iu general know two 
corresponding values of the quantities involved in the 

Having determined K, we can emplov it, if necessary, 
to find the value of one of the variables when the other is 

known. 

The following examples will illustrate the method 
employed. 

Example \. The area of a triangle varies as its height if 
the base is unaltered. If the area e,j „ triangle be IlHi ,viy in. 
alien its height is 4-5 in., what is the area of a triangle on 

the same base when the height is 2-4 in. ? 



oid /> is expressed by 
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If the student will carefully examine the working of this 
example he will see that the constant K is in fact inches 
in order to lead to the answer A = 9-92 square inches. 



If the 
section be 
. ire of the 



of a piece of wire of 0-015 sq mm cn 
ohms, what is the resistance of a piece 
2 length whose cross-section is 0-0063 sq m 



Substituting the v; 



Hence the relation b 



n R and A is expressed by 
_ 3-6 X 0-015 



7. In some cases, however, a variable quantity may 
depend on two or more other variables 

For example, if As the area of a triangle, h h its 
height and b — its base, we know that: 

(1) Ace* if the base is the same. 

(2) A cc b if the height is the same. 
We also know that A = \bh 

or A = K . bh 

where K = J. 

In other words, A oc bh 

Hence we can say that A x bh when both b and h varj\ 
Generally if x varies as y when p is constant and x 

duct of p and v when both t> and v vary. I.e. xccpy. Hence 
a = K.£y. 

Example 1. The force beiicecn tiea magnetic poles vanes 
with as tlu ersely as the squaie of the 

distance between them. If two poles of strengths of 8 and 6 
anils repel one another lailh a farce of 3 dynes when placed 
4 ' i tl, 

il > ') i 

Let F = the force, m 1 and m„ the pole strengths and d 
the distance apart. Then V varies jointly as the product 
of m 1 and m 2 and inversely as d-. 




that is, 



Example 2. 2 7/ f number uj heal anils (Hi generated by 
a electric current varies dinatlv as the tune t and the square 
f the voltage E, and inversely as the Resistance R. 

// H = 60 when t = 1, E = 100, and R = 40, find 

(1) The value of H when E = 200, R = 120 and 



etna I relation, then, between the four quan 
jxpressed by 

... ,• 0-24 X 300 X 200 2 
he required value of H = ^ 

= 24,000 units. 



H . R = 0-24tE 2 

- HR 
~~ 0-24E 2 

Substituting for H, R and E we have: 

_ 5760 X 



EXERCISE XIII 

1. The electrical resistance of a wire varies directly as its 
length and inversely as the square of its diameter. A 
copper wire 0-08 in. in diameter and 1000 vd long lias a 
resistance of 4-84 ohms. What is the resistance of a copper 
wire 0-04 in. in diameter and 100 yd long? 

(Sunderland.) 

2. The intensity of illumination given by a lamp varies 
directly as the candle-power of the lamp and invci.-ch. a~ 
the square of the distance of the lamp from the screen. 
If a lamp 40 ft from a screen produces the same intensity 
of illumination as a lamp of 10 candle-power placed 10 ft 
from the screen, rind the candle-power of the first lamp. 

• (Coventry.) 9 

3. (a) The horse-power of a windmill varies directly as 
the total sail area and the cube of the velocity of the wind. 
If the sail area is 1000 sq ft and the wind velocity 15 m.p.h. 
the horse-power is 0-7. hind, the horse-power if the sail 
area is 1200 sq ft and the wind velocity 20 m.p.h. 

. (6) Two candlesticks are the same shape. It costs 15s. 
to gild the smaller, which is 6 in. high. What is the cost 
of gilding the other, which is 15 in. high? (Nuneaton.) 
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4. (i) Assuming the speed of flow to be constant, what 
diameter of pipe will pass six times as great a volume of 

(ii) The deflection of a bar being turned between lathe 
centres varies directly as the cube of the length of the bar 
and inversely as the fourth power of the diameter of the 

A 4 in. dia bar 1 ft long is found to be deflected 0-0025 in. 
How much will a bar 2 in. dia and 2 ft long be deflected by 
an equivalent cut? (Coventry.) 

5. The deflection, y, of a beam is proportional to the 
load (W) and to the cube of the length (L); and inversely 
proportional to the cube of the depth (d) of the beam. 
Write a formula for y in terms of W, L and d. 

For a certain beam the deflection is 2 in. What would 
be the deflection if the load was doubled, the length reduced 
to a quarter of its original value and the depth halved? 

(Burton upon Trent.) 

(i. (a) The are. i s of similar j 'lane figures are proportional to 
the squares of corresponding lengths. Write down a corre- 
sponding statement regarding the volumes ol similar solids. 

i \ ■vlmrlrical measure lias a height of 5£ in. and holds 
a pint. What must be the height of an exactly similar 
measure holding a gallon ? 

(c) A marquee 250 ft long requires 8000 sq yd of canvas. 
How much would be required for an exactly similar one 
300 ft long? (E.M.E.U.) 

7. A marine engine has tlirei 1 vhose diameters 
are in the ratio 3:5:8. The diameter of the smallest 
cylinder is 12 in. Find the other two diameters and the 
ratio of the cylinder volumes. The three cylinders have 
the same length. (N.C.T.E.C.) 

8. The diameter id) of a shaft is proportional to the 
cube root of the horse-power (H) it is required to transmit. 
If the diameter necessary to transmit 12 h.p. is 2 in., find 
the formula which connects them. 



What horse-power can be transmitted by a shaft of 3 in. 
diameter ? 

9. The time of vibration of a simpie pendulum is pro- 
portional to the square root of its length. 

Assuming that one which heats seconds is 39 in. long, 
what will be the time of one vibration if its length is 
increased by 3 in.? 

10. For a given source of light the intensity of illumina- 
tion (I) is inversely proportional to the square of the 
distance (d). A surface is illuminated with a certain 
intensity when at a distance of 5 ft. At what distance 
must the surface be placed so that tin ini i ih „ ilium , 
tion is l\ times as great ? 

11. The extension of a rnbbci cord is directly proportional 
to its length (L) and to the load applied (W), if the cross- 
section and material be the same. 

If a cord of length 3 ft is stretched 3 in. by a load of 
2| lb, what extension will he produced in a cord 2 ft long 
by a load of 3| lb? 

12. When a gas expands at constant temperature its 
pressure varies inversely as its volume. When the pressure 
is 90 lb per sq in., the volume is 1-8 cu ft. Find the pressure 
to the nearest pound per square inch when the volume is 
2-5 cu ft; and the volume to the nearest hundredth of a 
cubic foot when the pressure is 75 lb per sq in. 

13. The electrical resistance (R) of a wire varies as I 
where L is the length and d is the diameter. The weight 
(W) of the wire varies as Ui\ Show that the resistance of 
a wire varies as W'jd 1 . If a pound of wire of diameter 
0-06 in. has a resistance of 0-25 ohm, what is the resistance 
of a pound of wire of the same material the diameter being 

14. Assuming that the velocity of a falling body is pro- 
portional to the square root of height fallen through, and 
that after falling through a height of 1 ft the speed is 



8-025 ft per sec, find to within A ft per sec what the 
speed will be after falling through 873-4 ft. 

15. The resistance of a wire varies directly as its length 
and inversely as its sectional area. If the resistance of 
500 yd of copper wire of diameter 0-028 in. is 19 ohm, 
find the resistance of 1 mile of similar wire 0-16 in. in 
diameter. (U.L.C.I.) 

IB. The load that a beam of given depth will carry is 
directly proportional to the breadth and inversely propor- 
tional to the length, the depth being constant. 

If a beam of length 7 ft and width 1J in. can support a 
load of 4 tons, what load can be supported by a beam 
5 ft long and 2| in. wide, the depth and the material 

17. The load raised by a winding engine varies direct]) 
as the steam pressure and unerselv as the diameter of the 
winding drum. If a load of 45 cwt is raised by a drum 
of 10 ft diameter when the steam pressure was 90 lb per 
sq in., what load should be raised by a drum of 12 ft 
diameter if the steam pressure is 75 lb per sq in.? 

(U.L.C.I.) 

18. The price of a certain range of cable sizes is directly 
proportional to the length and to the cross-section of the 
copper. Find the cost of a 100-metre coil of cable of 
cross-section 1-25 sq mm, if the cost of 110 yd of cable 
of diameter 0-044 in. is 15s. Take 1 m = 39-37 in. and 
1 sq in. = 6-45 sq cm. (U.L.C.I.) 

19. The horse-power of the engines of a ship being pro- 
portional to the cube of the speed, find the speed when 
the horse-power is 8000 if the horse-power is 2000 at a 
speed of 10 knots. 



CHAPTER 14 



MORE DIFFICULT GRAPHICAL WORK 

1. Chapter 7 was devoted to a consideration of graphs 
generally, and in particular to the study of the straight- 
line graph and its Law. In that chapter, Fig. 28 provided 
us with an example of a curve, which also seemed to 
follow some law, and it is now our purpose to study some 
well-defined curves, which are based on definite laws, and 
show the relation between the independent and dependent 
variables. 

2. The Curve of Squares 

The simplest of the above-mentioned curves is the curve 
of squares, and the law connecting the two variables is 
usually given in the form 

y = x 2 

To draw the curve it will be sufficient to take values of x 
from 0 to + 4, and from 0 to - 4. Find the correspond- 
ing values of y and set out as shown in the table below. 




The points are plotted and the curve drawn as shown in 
the accompanying figure (Fig. 119). 

An examination of this' table shows that when values of 
* equal in magnitude but opposite in sign are taken, the 
I i in i f v are equal. 




x axis, and draw perpendiculars A^N, and AN to the x 

At A and A„ y = 13 — that is, x* = 13. 

Corresponding to this value of y, x is represented by 
ON = + 3-6 and by ON, = - 3-6. 

Actually this step provides us with a method of deter- 
mining the square roots of numbers within the compass of 
the graph, and which Themselves have not been specially 
plotted. 



3. Choice of Scales in Graphical Work 

1. Choice of Units. It will be noticed that in drawing 
the curve of y = x 2 (Fig. 119) different units were taken on 
the two axes. The object of this Has to obtain a graph j 
which is more satisfactory her practical purposes. In this 
graph the values of y increase more rapidly than those of 
x. Consequently if the same units were employed on both 
axes very little of the curve could be shown, within the 
limits of the paper. If the curve is to be of practical I 
value (a) it should be drawn as large as the paper will 
allow, (b) the units taken should be as large as pos- 
sible. When, therefore, the tables of values of x and I 
has been made, the units to be used on each axis should 
be selected so that the curve may be drawn to the best 
advantage. 

2. Position of Axes. Similarly before drawing the axes 
for the curves, an examination should be made of the 
tables of values. If, for example, there will be no negative 
values of y, as in y = x 2 , the .v-axis should be drawn near 
the bottom of the paper. Similarly there may be no 
negative values of x in some cases. Then the y axis 
should be drawn well to the left of the paper. 



i 



4. The curves of y = ax 2 and y = ax 2 + b 

The curves of such equations as y — x 2 + 3, y = x 2 — 2 
will be of the same shape as y = x 2 , but the lowest point 
will not be at the origin. For example, if we consider 
y = x s + 3, since every value of x 2 is increased by 3 to 
"obtain the value of y, then the lowest point of the curve 

Similarly the lowest point of y = a 2 — 2 will be at the 
point — 2 on the y axis. Generally the curve of y = 
a - + b will be a parabola with the lowest point at b on the 

5. The curve of y = ax 2 , where a is any positive number, 
will also be a parabola, symmetrical about the y axis and 
with its lowest point at the origin. 

Generally, using the same argument as above, the 
curve of y = ax 2 + b will be a parabola symmetrical 
about the y axis and with its lowest point at b on this 

6. If the equation includes a term of the first degree in 
x, i.e. is of the form 



it will be found that the graph is still a parabola, but the 
axis of symmetry will not be the y axis, but a line parallel 



To draw a graph whose law is of the form 
y = ax 2 + bx + c, where «, b and c are constants. 

Let y = 2x 2 — 3x — 5 in which a = 2, b = — 3, and 
c = -"5. 

In assuming a value of v and calculating the correspond- 
ing value of v, the student is recommended to adopt some 
such plan as that set out on following page. 




The second column gives an example of this where 

It will be observed, as in the previous cases, that the 
constant c = — 5 is represented by the intercept on the 
y axis, since it is the value of v when x = 0. 



7. Significance of the Intersection of the Curve with 

It must be remembered that the vertical distance of any 
point on the curve, measured above or below the x axis 
according to the vertical scale, represents a value of y 
■ . n r ■ ■ : , 

ofx. 

In Fig. 120, the curve cuts the x axis at A and B so that 
at these points y = 0. 

At A, x = — 1, so that when y = 0, * = - 1. 

At B, x = 2-5, so that when y = 0, * = 2-5. 

But y represents the expression 2,-c 2 — 3x — 5, so that 



When 2x- — 3x — 5 = 0, x = — 1 or 2-5. 

In other words, these values of x satisfy the equation 
2x 2 - 3x - 5 = 0. 

They are therefore its roots. 

It follows, then, that if we desire to solve graphically an 
equation of the form ax 2 + bx + c = 0, we may draw a 
graph to represent the varying values of the expression 
ax 2 + bx + c, and note the points of intersection of this 
graph with the * axis. 

The values of x at these points will give the desired 

This, as we shall see later, is only one of the methods 
we can emplo}'. 



8. Turning Point and Minimum Value 

There is one other interesting point to note with regard 
to this graph. 

In Fig. 120 the point N marks the lowest point and also 
the turning point of the graph. 

Taking values from the graph we find that MN = 
gives the minimum value of the expression 2x 2 — 3x — 5, 
and the corresponding value of x is 0-75. 

It should also be noted that the axis of symmetry passes I 
through this point. 



9. Alternative Graphical Method of solving an E 
tion of the form ax 3 + 6* + c = 0 

We will take the equation 2x 2 — 3x — 5 = 0 whic 
been dealt with above. This is the same as soivin 
equation 2x 2 = 3x + 5. In other words, to solve 




equation we have to find the values of * when the expres- 
sion 2x 2 is equal to the expression 3x + 5. 

Hence let y = 2x 2 , and let y = 'Ax + 5. 

Then draw the graph for each, and note the points of 
intersection. 

The two graphs are shown in Fig. 121 and they intersect 
at the points A and B. Draw BN and AK perpendicular 
to the x axis. Since B is on the straight line, BN repre- 
sents a value of 3x + 5. It also represents the value of 
2a 2 , for the same value of x, viz. 2-5. Hence the value 
of %x + 5 is equal to the value of 2x 2 when * = 2-5. 

In other words, 2.r 2 = 3x + 5 when % = 2-5. 

.-. x — 2-5 is a root of the equation 

Similarly since the co-ordinates of A, the other point of 
intersection, are (— 1, 2), x = — 1 satisfies both of the 



o be identical with those obtained 



10. The Graph of y = x 2 

We have already seen that whatever value we give to x, 
x"- is a positive quantity. 

Hence — x 2 will always be a negative quantity, and 
therefore y is always negative. 

This means that the whole of the graph must lie below 



the* 



13. The Graph showing the Relation between x and y 
when the Law is of the Form y = -, a being a 
Constant 

The simplest example of this occurs when a = 1 so that 
y = i, and this we now proceed to draw. 



Table of Values of x and t/. 




As this table shows, when x is verv small the values of y 
are correspondingly larnf . and vice versa. 

On the x axis take 1 in. to represent 1 unit, and on the y 
axis take 0-2 in. to represent 1 unit, and plot the points 
indicated by the values above. 

It will be observed that the curve (Fig. 125) has one 
branch corresponding to the positive values of x and one 
for the negative. 

Also as x becomes less and less and approaches zero the 
value of y becomes greater and greater and the curve 
approaches nearer and nearer to the y axis, so that we 
have the conception of the curve meeting the y axis at an 
inlmile distance when x = 0. 

Similarly as x becomes greater and greater the curve 
approaches nearer and nearer to the x axis, so that we 
have the conception of it m tin [1 i a an 

iniini'.e distance. 

Curves of this type are obtained when we show the 

(1) Volume and Pressure of a gas at constant 
temperature. 

(2) Current and Resistance of a circuit with constant 




14. Average Height of a Curve from a Fixed Axis, and 
the Area Enclosed between the Curve and the 

It would be well to refer again to the discussion of the 
indicator diagram in § 17 of Chapter 3, and the exercise 
based upon it. 



[VOL. li 

At the end of Chapter 2 reference was made to an 
irregular area such as is enclosed between a curve and a 
straight line; and the Mid-Ordinate Rule, which is one of 
the methods which is frequently utilised to find such an 
area, was explained there. 

As the student is now more conversant with the methods 
of drawing graphs, a concrete example in which the above 
rule is employed, is set out below. 

Example. The fa/laving /„«,: s i, vs related values of P 



P 50 | 33-3 2ft 20 lti-7 H-3 | 

Plot the curve connecting P and V and determine, the area 
between the curve, the axts of V and Ike end ordinates. If j 
the mid-ordinate rule is used, the mid-ordinate should be 
clearly shown. (U.L.C.I.) J 

An examination of the above quantities shows a much 
wider range of values for P than for V. 

Hence it is found convenient to take 1 in. to represent 
one unit of V on the horizontal axis, whereas on the 
vertical scale 1 in. represents 10 units of P. 

Also, in order to place the graph as centrally as possible, 
the line V = 2, which is one of the end ordinates, is used 
to denote the scale for P. The points are then plotted 
according to the above data, and the smooth curve shown 
in the diagram is drawn through them (Fig. 126). 

The diagram is then divided into ten strips of equal 
width, and their mid-ordinates are indicated bv t 
lines. 

The sum of these mid-ordinates is 

(44 + 30 + 30-8 + 26-5 + 23-5 + 21 + 19 + 17-3 + 15-8 



Their average is = 24-87 units of P. 

This average mid-ordinate can be taken as the average 
height ol the curve, and as such, also represents the height 
(measured according to the vertical scale) of a rectangle 
whose base is AB, and whose area is equal to the area 
enclosed between the curve and the V axis. 




(24-87 x 5) = 124-35 sq units. 



15. Graphs of Corresponding Areas and Volumes 

We have seen: (i) that corresponding surface areas 
occurring m s'n 1 
sponding lengths; and (ii) that corresponding volumes 



occurring in similar figures vary as the cubes of correspond- 
ing lengths. 

It follows thai if for any group of similar figures we plot 
corresponding areas against corresponding lengths the 
curve obtained will Ire a curve of squares, that is a parabola. 
If we plot corresponding volumes the curve will be a curve 
of cubes. The particulars of the figures studied will decide 
the scales. 

Example. We select as a r ange of similar solids engineers' 
hexagon nuts. If they are similar all sizes can be re- 
presented by the same drawing. The size will in the 
ordinary way be indicated by the diameter of the bolt upon 
which the nut is to be used : ties is a length. 

Let us take as our standard (or datum) a 1-in. galvanised 
nut; and suppose that it has been " costed " as follows: 
Material . . . .Id, 
Machining . . . .2d. 
Galvanising . . . . {d. 

Example. / 

under each of these three headings, and the. total cost, for nuts 
over a range of sizes \-i in. 



In the preparation of the above table the material cost 
has been taken a> depended upon the volume, and there- 
fore varying as the cube of the linear dimension. The 
machining and galvanising costs have been taken as 
dependent upon the surface area, and therefore varying as 
the square of the linear dimension. By addition we have: 
(iv) Total cost in pence . }| 3f 9-ft 19 



The four graphs are plotted in Fig. 127. 
The machining and material curves both run from cost 
(id. to cost 8d., and illustrate the difference in form between 



EXERCISE XIV 

1. Plot a graph showing the relation between the area A 
of a circle in square inches and its diameter D in inches, 
for values of D : 0, 1, 2, 3, 4 and 5. 

Calculate the areas to one decimal place only. From 
your graph 

(1) Find the diameter when A = 12. 

(2) Find the area when D = 1-5. (U.E.I.) 

2. Draw the graph of y = 2x' 2 + 7x — i. 
Where does it cut the axis of x~> 

3. Solve graphically x a — x — 6 = 0. Find from your 
graph the values between which x must lie so that the ex- 
pression x 2 — x — 6 may be negative. 

4. If y = x* -f- 2x — 3, find graphically (a) the value of 
x when j; = 0, (4) the minimum value of y. 

5. With the values of n, given below, draw a graph 
showing the relation between ;/ and if-, taking 1 in. to 
represent 0-1 both for n and n\ Obtain from your graph 
the values of the square roots of 0-08 and 0-15 

» = 01, 0-2, 0-3, 0-4, 0-5, 0-6. (N.C.T.E.C.) 

6. Draw the graph of y = 4.v 2 — Sx — 7 from x = — 3 
to x = 5. Find the values of * which make y = 0. 

(E.M.E.U.) 

7. Make a table of the values of sin 6 and cos 9 from 
6 = 0° to 9 = mv taking increments in fl of 30°; hence 
plot the graph of 



From the graph find: 



(4) the values of 6 between 0° and 180° for which 
y = 0 and y = 0-5. (Rugby.) 

8. A long strip of metal of width 12 in. is formed into an 
open gutter of rectangular cross-section by bending equal 
parts x in. of the width through 90°. 

Show that the cross-sectional area .A of the gutter so 
formed is given by A = 12% — 2.v s ; also, by plotting the 
value of A for values of x from 0 to 4, find the greatest 
area obtainable and the value of x giving this greatest area. 

(Burton upon Trent.) 

9. The efficiency E of a water-wheel is given by 



where v is the jet velocity and u is the wheel velocity. 
Taking v = 40 ft per sec, calculate E for w = 5, 10, 14, 18, 
22 and 25 ft per sec. 

By means of a graph of E against a, estimate the maxi- 
mum efficiency and the ratio of * at which it occurs. 

(U.L.C.I.) 

10. The height of a projectile above its point of pro- 
jection at any time t sec is given by h = 96* - 16* 2 ft. 
Plot a graph sho\ in tl e i ,tion c f height from t = 0 to 
t = 6 and use the g«tph to find : 

(i) the time taken to reach maximum height ; 

(ii) the time for which the projectile is at a height of 

more than 100 ft above the level of the point 
of projection. (Nuneaton.) 

11. Refer to the Example of § 15. A series of bolts 
(machined and galvanised) are of length under the head 



Material . . . 2d. 

Machining ji^. 1 

Galvanising . . . ijrf. 

Plot graphs showing the itemised and total costs for 
bolts from § in. dia to 1± in. dia. 

12. Find graphically 

(1) the maximum value of 5x - x» + 6, 

(2) the values of x between winch the expression is 

positive. 

13. Draw the graph oly = 6x - x 2 - 3. From it find x 
when y is a maximum, and the roots of the equation 
%x - x 2 - 3 = 0. 

14. Draw the graphs of y = and 2y = 3* + 9 on the 
same diagram and deduce the roots of the equation 
2x 2 - 3x - 9 = 0. 

15. Graph each of the functions W and (3 - 0-4.r) for 
values of x from - 3J to + 3± using the same scales and 
reference axes for both graphs. By means of the graphs 
estimate the values of ,v for whirl] U 2 = 3 — 0-4*. 

(N.C.T.E.C.) 

16. The sum of the length and five times the breadth of 
a rectangle is 17-5 in.; its breadth is x in. Express in 
terms of x (1) its length, (2) its area. 

(3) Plot its area against x for valifts of x from 0 to 3i 
By means of the graph estimate within |- in. the breadth 
of the rectangle when its area is a maximum. 

(N.C.T.E.C.) 1 

17. The law connecting the volume (v cu ft) of water 
in a certain trough with the depth of the water (h ft) is 
v = 3 lh % . Calculate the volumes corresponding to depths 
of 3, 0, 9, 12, 15, 18 in., and construct a graph by plotting 



v against h. From the graph estimate, within a fifth of 
an inch, the depth of water corresponding to volumes of 
3 cu ft and 6 cu ft respectively. (N.C.T.E.C.) 

18. The efficiency c of a certain type of water-wheel is 
given by the expression 



where v is the velocity of the incoming* jet of water and u 
the speed of the wheel. 

Taking v as 30 ft per sec, calculate c for values of u 
equal to 10, 13, 16, 20 and 25 ft per sec and tabulate. 

Plot to as big a scale as the paper will allow e vertically 
and « horizontally. Use the graph to find the ratio of 
" which makes the efficiency a maximum. (U.E.I.) 

19. If x — - = y, find the values of y for values of x 
from 2 to 3. Plot on squared paper and find what value 
of x makes y = 0. (U.E.I.) 

20. Graph each of the functions 0-2.T- and - - for values 
of * from - 4 to + 4 using the same scales and reference 
axes for both graphs. 

For what values of * are the values of these functions 
equal? (N.C.T.E.C.) 

21. Plot the curve given by the following values of x 
andy. Find the area included by the curve and the axes 
of x and y. Also find the average height of the curve. 



Plot the curve connecting W and x and determine the 
average value of W between x = 0 5 and x = 2-5. 

(U.L.C.I.) I 

23. Plot the related values of x and y given in the table 
and join them in the order given. Find the area of the 
closed figure thus .formed and give the answer in foot- 
pounds. 



CHAPTER IS 
QUADRATIC EQUATIONS 

1. In the last chapter we found it was possible to solve 
an equation of the form ax*- + bx +<c = 0 by means of a 

This method, however, of solving such an equation is 
somewhat cumbersome, and does not admit of the same 
degree of accuracy as can be obtained by purely algebraical 
methods. There" are, however, certain equations of a 
more involved and difficult type which can be solved only 
by graphical methods. 

An equation of the type ax 2 + bx + c = 0 involving x 
in the second degree, and containing no higher power, and 
in which the constants a, b and c can have any numerical 
values, is termed a quadratic equation. 

We will now proceed to the algebraical methods of 
solution of such equations. 



2. When 6 = 0, the equation becomes ax 2 + c = 0. 
It will be remembered that in dealing with the curve of 
squares in the early part of the last chapter, we found that 
corresponding to any value of y there were two equal and 
opposite values of x. 

Hence if y = * 2 = 25 



The sign ± indicates that both + S and — 5 are the square 
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To take another example. 
Solve 2.x 2 -9 = 0 

that is, x* = 4-5 

.-. x=± VtE = ± 2-12 (approx.) 
Again referring to the curve of squares, it will be observed 
that the whole of the curve is above the x axis, whatever 
may be the value of a, positive u , li md therefore 
y is always positive. 

Therefore x* is also positive, and it is only in these cir- 
cumstances that we can obtain the equal and opposite 

If we have the equation 



Now, when a number is squared, we are multiplying together 
two quantities with the same sign. 

Consequently, in accordance with the rule of signs, the 
result must be a positive quantity. 

This equation tl < i .Joes not admit of a solution which 
has any arithmetical meaning, and the roots are expressed 
by 



3. Case II. When the terms involved in the equation form 
a perfect square 

Example 1. Solve {2x - ll) 2 = 25 

Then 2* - 11 = ± 5 

Hence 2x = (11 + 5) or (11 - 5) 
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Example 2. Solve x- = Gx — 9 
Rearranged this becomes a 2 - Gx + 9 = 0 
that is (a - 3) 2 = 0 

or " a = 3 

4. The expression a 2 - 6.v + 9 in Example 2 above was 
seen to be an exact square, viz. (x — 3) 2 , and so a solution 
of the equation a 2 — 6a + 9 = 0 was simple. 

An expression such as a 2 - 6a +'8, although not an 
exact square, could clearly be converted into one by the 
addition of unity. Consequently if we write 
x* - 6a + 8 = (.x 2 - 6a + 9) - 1 

(x - sy- - i 

we change the expression into an exact square less unity. 
This suggests a method of solving such an equation as 
a 2 - 6a + 8 = 0 
Since we can write this as (* - 3) 2 - 1 = 0 
(A - 3) 2 = 1 
We can then jrawl as in Example 1. 
As we shall see, this method can be generally applied. 
Let us first consider the result given on p. 72, which tells 

The problem in solving a quadratic is, starting with an 
expression such as x- — 2,/.v, to find what must be added to 
it to make an exact square. Now « 2 , the quantity added 
in this general rase, is the square of half the coefficient of x, 
i.e. half of 2a. Hence we can obtain a rule which will apply 
in all cases. 

Thus if we want to convert a 2 + 10a into an exact 
square we add on the square of half the coefficient of 
x, i.e. (5) 2 . This would produce x 2 + 10a + 25, which is 
(A + 5) 2 . 



5. This device we can utilise in the solution of quadratic 
equations as follows. 

Example 1. Solve the equation 

x* + Sx + 12 = 0 
It is better to rewrite this as 

Now add to each side (f) 2 or (4) 2 . 

Then x 2 + 8* + (4) 2 = - 12 + 16 
or (* + 4) 2 = 4 

d /. * + 4 = ± 2 

.'. * = — a or - 6. 
Example 2. Sofce the equation 



Then * 2 - 7* + (J) 2 = - 12 + *f 
.'. (*-f) 2 = l 
■ •• *~f=±i 
and x = + 1 + i = 4 "1 

or *= +| — 4 = 3 

.-. a; = 4 or 3. 

Example 3. Sofoe 2/je equation 3* 2 — 7* = 20. 

Referring again to the result (* + a) 2 = * 2 + 2a* + « 2 
we have seen that the coefficient of x, viz. 2a, is twice the 
square root of <i 2 . 

This is clearly not the case, however, when the coefficient 
of x 2 is not unity. 

Thus (2* + a) 2 = 4* 2 + 4«* + a\ 
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Consequently we can apply the rule given in the previous 
example for the solution of a quadratic only when the 
coefficient of * 2 is unity. 

If this is not the case, we can divide both sides of the 
equation by the coefficient of %-, and thus obtain the 

' In the given example above, dividing by 3, the coefficient 

of x 2 , we have: 

X' - f* = ¥ 

Adding the square of the half-coefficient of x to each 
side we get : Qoeff o£ x = _ | 



Example 4. Solve the equation 




The first step in this case is to clear the equation of 
fractions. This W effected bv multiplying both sides by the 
common denominator (* + 2)(x - 4). 
The equation then becomes 

(2* - 3)(* - 4) = (x + 5)(.r + 2) 
that is 2* 2 - 11* + 12 = x 2 + 7* + 10 
or x 2 - 18* = — 2 

.-. * 2 - 18* + 81 = 81 - 2 
and (* - 9) 2 = 79 



(x — 9) 2 = ±V"19 = ± 8-9 approx. 



6. Solving Quadratics by Factors 

The method of the completion of the square, which we 
have just dealt with, is the one most commonly employed, 
though in some few cases the factor method is quicker and 
easier, and particularly so when the factors are obvious. 

In the majority of rases in practice, they are not. 

Example 1. Solve x- = x + 6 

Bring all the terms to the L.H. side. 

Then x 2 - x — 6 = 0 

(* - 3)(* + 2) = 0 

Since the product of the two factors is zero, either one 
or the other or both must be zero. 



Example 2. Solve 



' "= 1 3 



7. Problems involving Quadratics 
Example 1. Using the formula '"' X K ,! ' X2 = I, calculate 



Substituting the values given we have : 
82N — 4N 2 __ 
12 

that is, 82N - 4N 2 = 72 

or 4N 2 - 82N = - 72 

Dividing throughout by 4, we have: 

N 2 — = — 18 
or N 2 — "N = — 18« 

Completing the square by the usual method we obtain : 
N 2 — V*>- + "Ir = *W - 18 

that is, (N - = A fF 



Example 2. The i ' ' ^ ids the breadth 

by 3 ft. If tin I t ' ' * ' Mi be increased 

by 2 ft, the ana ,'' h . , y, 

Find the length of the first rectangle. 

Let - x ft = the length, 

then x — 3 = the breadth, 

and area s x(x - 3) sq ft. 



In the second rectangle 



breadth = x — 1 ft, 

area = 2x(x - 1) sq ft. 



Completing the squan 



- + »-±3? 1 
« + i = ±¥ 

/. x = 6-6 approx. or — 7-6 approx. 

Obviously the negative solution is not applicable to the 
problem. 

.-. the solution is x = 6-6 ft. 

Example 3. It a i , nd hv a path of I 

a uniform width of 3 ft, and the area of the path is f that of the 
lan:n, tiud /''■:' nmV.'/.v of the lawn. 

Let R be the radius of the lawn. 

Then area of lawn = ttR 2 

and area of path and lawn together = it(R + 3) 2 
.-. Area of path = tt(R + 3) 2 - jtR 2 

Hence tt(R + 3) 2 - ttR 2 = J*R 2 

Dividing throughout by it we have: 
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Multiplying throughout by ■? so that the coefficient of R* 
is unity we get: 

R2 _ iiR = it 

R 2 — "R + (- ¥) 2 = V + -4T ic'fe/ R Z Z X 

(R _ il)S = IAS* (iCoefi.)" = 4? 

Then R - ^ = ± ¥ 

.-. R = ** + ¥ = 9ft. 
or R = ¥ - ¥ = - f 

The second value is inapplicable in this problem. 
.'. the solution is R — 9 ft. 

EXERCISE XV 

Section A 

Find the square roots of the following expressions: 

1. x* + ix + 4. 7. R 2 — 5R + 6-25. 

■2. 16. 8. + h 



10. 4.V- - l-lax + 9a 2 . 

11. 25 — lfte + x 2 . 



- i toUc-vnic 1 1 1 i | 

. (x - 9) 2 = 25. 5. (3x - 4) 2 = 81. 

. (x + 4) 2 = 121. 6. (2* + 7) 2 = 11. 

, (x + 3) 2 = 7. 7. x"- - ix + 4 = 25. 

. (2 v _ 5)* = 25. 8. x* + 10.T + 25 = 49. 



Section D 

Find the roots of the following quadratic equations by 
simplifying where necessary and completing the square: 
-a: = 12. 17. 2R 2 + 11R = - 5. 

= 9x + 22. 18. 3* 2 = 1x + 9. 

- 1% - 18 = 0. 19. 2* 2 + 5x = - 2. 

- 12* = - 35. 20. 2x°- = - 9* + 11. 
= 5* + 14. 21. 3x 2 - 5* = - 1. 

- X = 7. 22. 2R 2 = 5R + 2. 

- 9* = 22. 23. 5R 2 - 7R = + 3. 

- 7* = 24. 24. *(* - 4) = 5. M 
' kL T A 25. x - 2 = 2 . 



2 - 0-1* = 0-64. 
* 2 - 3* - 5 = 0. 
* 2 + 17* = - 10. 



29. Solve for ~ tl 
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Section E 






Find .* he t ™° f ^ c °^ 


t method >Wmg ^ ' ^ ^ 




6. * 2 - i* = J. 




7. ^2 4. o-Lr — 0-02 = 0. 




8. x 1 = - 0-5* + 0-84. 


4. * 2 = 2a + 99. 


9. 9* 2 + 6* - 8 = 0. 


5. 6* 2 + 11* - 35 = 


= 0. 10. ox 2 = — 5* + 10. 




Section F 


Form the quadrat 


c equations which have the follow 








4. 2-5 and 1-4. 


2. 5 and 4. 




3. 4 and - A 






Section G 



Miscellaneous Exercises and Problems 

1. (i) Solve the equation 12* ! - 26* + 12 = 0. 

(ii) The resistance R lb wt offered to the motion of a 
motor car when travelling at V m.p.h. is given by 
r = A + J, where A and B are constants. If 8=1 
when V = 30 and R = 12 when V = 40, find the values of 
A and B and find R when V = 60 m.p.h. 

(Sunderland.) 

2. Solve by completing the square, the equation 

3* 2 + 11* - 42 = 0. (U.L.C.I.) 

3. A train travels a certain distance S miles at a uniform 
speed of V m.p.h. If the speed were 9 m.p.h. more the 
journey would take 3 hours less; if the speed were 6 m.p.h. 



1 



(ii) X + 3y + 3 = 0; 3* = 7 —y. 
(b) A man walks a distance of 8 miles at a certain speed. 
He cycles back 6 m.p.h. faster than walking and takes one 
third of the time. Find his walking speed. 

(E.M.E.U.) 

5. (a) Solve 6a: 2 = 91 - S*. 

(b) A man motors 72 miles at a certain speed. If he had 
travelled 6 m.p.h. slower his journey would have taken 
him 1 hour longer. Find his original speed. (Rugby.) 

6. (a) Solve: (i) 2* 2 - 7* + 4 = 0; 

(ii) x 1 = 3 - 4*. 
(b) The diagonals of a rectangle are each 20 ft, and the 
length of the rectangle is twice the breadth; find the 
dimensions of the rectangle. (Rugby.) 

7. Plot the graph of y = 3* 2 - 28* + 10 for values of 
x from 0 to 10. Then: 

(a) From the graph read: (i) the minimum value 
for y; (ii) the values of x which satisfy the 
equation 3* 2 — 28* + 10 = 0. 

(6) Solve the equation 3* 2 — 28* + 10 = 0 by 
using the formula. (Coventry.) 

8. The area of a rectangle of length 8 in. and breadth 
5 in. is unchanged if the length is increased by 4x in. and 
the breadth reduced by x in. Form an equation in * and 
solve it. (U.L.C.I.) 

9. The bending moment for a certain uniform beam is 
given by M = 25* — , where M is the bending moment 
at a distance * ft from one end, and W is the weight per 
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foot of the beam. Find how far from one end the bending 
moment has a value of (50 if the weight per foot of the 
beam is 5 lb. (Dudley.) 

10. The diagonal of a rectangle is 1-7 in. long and one 
side is 0-4 in. longer than the other. Find the lengths of 
the sides to the nearest hundredth of an inch. 

11. A lawn is 14 yd long and 10 yd wide. Round the 
lawn there is a gravel walk. The area of the lawn is J that 
of the gravel walk. Find the width of .the walk. 

12. A certain quantity R when multiplied by 2R — 1 
gives 6 as a result. What is the quantity? 

13. A diameter of a circle bisects a chord at right angles. 
If the diameter be 12 in. long and the chord is 10 in. long, 
find the -heights of the segments. 

14. The total surface of a cylinder is 24* sq in. If the 
height be 4 in., what is the radius of the cross-section? 

15. A body travels at * ft per sec for 10 sec, and after- 
wards for another 4* sec at the same rate. If the total 
distance is 120 ft, what is the value of *? 

16. The relation between the joint resistance R and two 
lesistanees r, and r, in parallel, is given by the formula 

111 
H — r, + r 2 

If R = 12 ohms, and r, is 6 ohms greater than r v find 

1 17. The strength of a beam depends upon its material 
and its section modulus, Z. For a rectangular beam 
Z = h ^L t where b and d are the breadth and depth re- 
spectively, usually measured in inches. 

For 3-fn.-wide timber joists determine the depth to give 
a strength twice as great as that of a 5-in-deep joist. 

1 8. The volume V of the frustum of a cone is given by the 
formula V = Jti/»(R 2 + Rr + r 2 ). Find r is n = ^, R = 
5 in., h = 6 in., and V = 308 cu in. 



3 [VOL. I, CH. 15] 

19. The area of a rectangle is 12 sq in. and its perimeter 
is 16 in. Find the lengths of its sides. 

20. The formula giving the sag D in a cable of length L 
and span S is expressed by L = ^ + S. Find S when 

21. The slant side of a cone is 15 in. long and the height 
is 3 in. longer than the radius of the base. Find the height 
and radius of the base. 



CHAPTER 16 
VECTORS 



1. The quantities which have been dealt with so far in 
this book are subject to the usual operations of arith- 
metic, and any one of them can be expressed by a simple 
arithmetical number. 

Thus a length, an area, a mass, a weight or a volume is 
usually expressed as a mere number in terms of its own 
particular unit. 

Such quantities are called scalar quantities. 

Other quantities, however, such as a displacement, a 
force, a velocity, momentum, etc., cannot be fully expressed 
by a mere number, as each of them involves direction as 
well as magnitude. 

For example, the motion of an aeroplane is not fully 
defined by the statement that it is moving at 156 m.p.h. 
Its direction must be given as well. 

Again, if it be stated in a police court that a motor 
involved in an accident was moving at 35 m.p.h., this is 
not complete evidence. It is necessary also to know in 
which direction it was moving. 

Thus a velocity is not completely defined unless we state 
both its magnitude and its direction. 

Quantities, such as velocities, which involve both direc- 
tion and magnitude are called Vector Quantities. 



2. Linear Displacements 

If a particle moves from A to B a distance of 3 in., and 
then from B to C a further distance of 2 in. (Fig. 128(a)) in 



the same straight line and in the same directii 
AB + BC = 3 + 2 = 5 in. = AC 



If, however, after moving to B, it reverses its direction, the 
net displacement is AB - BC = AC = 1 in. (Fig. 128(6)). 

In these two cases the. net displacement has been found 
arithmetically, or algebraically. 



3. Displacements not in the Same Straight Line 

Now suppose the particle to move from A to B as before, 
and then to ch in it i „ md move to C so that BC 
makes an angle of 45° with the original direction (Fig. 129). 



As before, AC still represents the net or resultant dis- 
placement, where ( lias been n idled b\ two steps, but 
AC is not in this case the arithmetical sum of the values 
of AB and BC. 
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In other words, AB + BC treated as an arithmetical or 

In n i cvii ii does not give AC as a resultant. 
The displacement represented by AC is equivalent to 
the displacement represented by AB and BC, and the 
latter are called the component displacements of AC. 

4. Representation of Velocities 

Velocities involve magnitude and direction, and hence the 
method of representing them is.similar to that employed in 
i eetor quantities. 

Example. The air-speed of an aeroplane h 120 m.p.h. 

/, I t , ) , u tl I I ' < I < """I 

i 40 ; 'i / 

and hm fa: 11 I i i i ting point at the end of 
1 hour? 




The resultant path of the aeroplane is due to the com- 
bined effect of the wind and its own air-speed. 

The wind carries the aeroplane 40 miles due east in 1 
hour. Hence draw AB (Fig. 130) from west to east to 
represent 40 miles. At the same time the aeroplane, by its 
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own movement, would travel 120 miles in a north-easterly 
From B draw BC to represent 120 miles to the north- 
Join AC. 

Then C is the point reached in 1 hour, and the actual 
path of the aeroplane is along the line AC. 

Hence AC represents the resultant velocity of the aero- 
plane. It also represents the distance from the starting 
point after I hour. 

AC is a vector quantity and represents the vector sum of 
the two vector quantities AB and BC. Measured to the 
same scale as AB and BC, AC = 151 m.p.h., and its 
direction is 34° north of east. 



5. Representation of Forces 

Since Forces also involve magnitude and direction in 
their representation, they are vector quantities, and can in 
general be treated as in the two previous cases. 

Example. Tiro fonts of 1-8 lb wt and J -2 lb wt act at a 
point in a body at right angles. Find a force which is 
^■iiioivaUnl lo Ihem. 

We have to find the net result of these two forces— in 
other words, we have to find their vector sum. 

Since their directions are not given with reference to 
any set direction, we will take the 1-8 lb as acting from 
west to east and the 1-2 lb as acting from south to north. 

Hence draw AB to represent 1-8 lb wt, then to the 
same scale draw BC at right angles to AB to represent 
l-2 1bwt. 

Join AC. 

Then AC is the vector sum of AB and BC, and as such 
represents a force which is equivalent to the two given 
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Measured to scale or by calculation AC s a force of 

2-16 lb wt, and its direction is along AC , which makes an 

angle of 331° with AB. 

6. In order to avoid all ambiguity with regard to the 

representation of a vector quantity, we must have a 

standard or basic direction so that it can be completely 

specified. 



The cases dealt with show that we must know 

(1) Its direction in relation to some fixed or standard 
direction. 

In the second case, which dealt with velocities, the 
line. 

(2) Its magnitude, which is shown by the length of the 
line drawn to a chosen scale. 

(3) Its sense— that is, the movement along the line itself 
indicated by an arrow. 

[Students of Mechanics will realise that an additional 
property must be given before a force can be completely 
known. This third property is its " line of action " or 
" point of application." Though this third property is of 
importance, it is generally sufficient simply to regard a 
force as a vector quantity.] 




(1) Suppose a point to be displaced from A to B a 
distance of 4 units, so that AB makes an angle of 70° with 
the +ve direction of the axis OX. Then as a vector we 
represent AB by 4 V0 .. 

(■>) If I 'D is units it represents the vector 2-5, 0 .. 

(3) MN, however, is a line which makes an angle of 310° 
with the +ve direction of OX, since a rotation of 310° is 
required to bring it from the fixed direction OX to its 
present direction. If it is 3 units in length, it represents 
tiie vector 3 310 .. 

(4) The vector — 3,„.. indicates a reversal in direction. 
It has the same numerical magnitude as + 3, but it is in 
the opposite direction. Tt is therefore the same as 3 250 .. 

Thus AB = the vector 3 70 . (Fig. 133) 
and' AC m the vector - 3 70 . or 3 !60 .. 

(5) Let A, B, C, D, etc., be points lying in the same plane. 



Then a displacement from A to B is sometimes indicated 
by AB, a displacement from D to B by DB, and so on. 

" Hence under these conditions AB + BC + CD + DA = 
0, since as a result of the four displacements, the starting 
point and the finishing point are identical. In other words, 
the sum of the vectors is zero. 

8. Sum of Two or More Vectors 

In the section on displacement we found that AC was 
the resultant displacement of AB and BC, and since each 
of these is a vector, we can say that AC represents the 
vector sum of AB and AC 




Set off OA along OX 
equal to 3 units. This 
represents the vector 3 0 ._ 
Draw AB, making an 
angle of 45° with OX 
and 2 units in length. 
Then AB = the vec- 

right 



Then BC = the vector 3 90 .. 

Then OC represents the sum of the vectors 3 0 ., 2 45 ., 3 90 ._ 
By measurement OC = 6-24 units in length and OC 
makes an angle of 45° with OX. Then OC = the resultant 
vector 6-24 45 .. 

.". + 3 0 . + 2 45 . + 3 90 . = 6-24^. 
Asapomtofint rest, il e student r. ers to Fig. 123, he- 
will see that in determining the resultant velocity we 
found that 

40„. + 120 45 . = 151 34 . 



9. Given the Vector Sum of Two Quantities and One of 
its Components, to Find the Other Component 
Example. T.ct 3-5 60 = /lie -.vctor sum, and 2-8 30 one of its. 

t . " » miponent. 

Let OX represent the basic or standard line. 
Draw MN, making an angle of 60° with the positive 
direction of OX and 3-5 units in length. 
Draw MK to represent 2-8 30 .. 




cause it to move in a sour i i i i ] tion at 5 m.p.h 

what course (lues the ship take, and what would be it 
velocity along that course? 
6. Find the re-,i it flowing forces: 



7. A ship starts from a point O and travels at 15 m.p.h. 
in a direction 60° south of west for 2 hours. How far south, 
and how far west, of O will it be at the end of this time? 

(Rugby.) 

8. (i) Plot the vectors 2 35 . and 33 52 .. Find (a) the 
. -resultant of these two vectors, and (b) the horizontal and 

vertical components of the resultant. 

(ii) A ship can steam at 21 knots in still water. If its 
course is N. 40° E., and a current is flowing towards the 
south-east at S knots, find the actual speed and course of 
the ship. (Sunderland.) 

9. (i) Find graphically, or by calculation, the resultant 
■of the vectors 3 26 . and S 125 „ 

(ii) A flag-pole is held vertical by two ropes in the same 
vertical plane, making angles of 30° and 65° with it on 
■ opposite sides. If the tensions in the ropes are 12 lb and 
10 lb respectively find the resultant pull on the flag-pole. 

(Sunderland.) 

10. Represent by means of a diagram four forces all 
pulling away from a point. The first is 4 lb acting east, 
the second 4 lb acting 60° north of east, the third 1 lb 
acting 60° north of west and the fourth 3 lb acting west. 

Then graphically or otherwise find a single force which 
-will balance all the above forces. (U.E.I.) 

11. Find the vector equivalent to 
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12. If A, B, C and D are any four points, prove that 
AB + CD = AD + CB- (N.C.T.E.C.) 

13. A body undergoes successive displacements whose 
vectors are s" ts . and ;%„,. Find graphically or otherwise the 

i,\ rvsinric displ.iceiiiciH w ii. Ii would cause the saim 
total change in the position of the body. (N.C.T.E.C.) 

14. A point on the connecting-rod of an engine is moving 
forward horizontally at 5 it per sec. At the same instant 
this point has a velocity of 3 ft per sec in the same vertical 
plane, but inclined at 120' to the direction of horizontal 
motion. By means of a scale drawing, represent these 
velocities and find the magnitude and direction of the 
actual velocity of the point. (U.E.I.) 

15. A body undergoes a displacement of 4 in. in a 
north-east direction and then 3 in. in a direction 30° 
N. of Ii. 

Find by means of a diagram, the magnitude and direc- 
tion of a single displacement which would cause the same 
change in the position of the body. (U.E.I.) 
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ANSWERS 



EXERCISE I 



(2) 37-5. (3) 46-67. 

(2) 7-42. (3) 36 03. 

(2) 150 gm. 



10. 47-87. 11. 620. 12. 37i 11 



Section C. Proportion 

p. 15. 

(1) 85?. (2) 135. (3) 38-9. (4) 68-75. 

m if*. 



Section D. Approximations 

. , x) 18-72; (6) 18-7160. (2) (a) 0-007204; (6) 0- 
!. (1) ^3,870,000,000. (2) 3,866,100,000. 

-,6,122,000. 
I. (a) 39-998. (b) 40-00. (c) 40. 

I. (a) 0-0005. (b) 0-05 lb. (c) 0-0005 ft. 
(d) 0-005 in. (s) 0-05 mile. 

*>•«*. (2) 0-9. (3) 4-5. (4) 7-2. (5) 0-6. (6) 
and 39-6. 7. ± 0-000475. 

i 1 I - fi Ocuft f to 2 sig figs, 

■y is correct to 3 - iiys n m; i n i 1 • 

.7-0.° '(2) 36-4. (3) 2-45. (4) 11-5. 



110. (2) 440. 

»«- (2) 0-16. (3) 1-6S. (4) 0-36. 

572. (2) 135. 

t. (1) 56-89. (2) 26-74. (3) 26-35. (4) 2-278. 

',. (1) 0-9555. (3) 0-2369. (5) 0-3027. 

(2) 0-7187. (4) 0-632. 

■ - "42; 1-212. 7. (] | fi-5. (2| 18. X. (1) 11-26. i 2] x-025. 

. 10. 22-85. 11. jl) ,y (2) r.;. (3) •£. 12. 3-65. 

i. (1) 0-707. (2) 1 155. (3) 1-443. 



.. 2-121. 



:tto3agfigs. ^220-6. 

c 93-76 acres; to three sig figs. 93-8 acre 
sq in. 

■rut;. ii In-s i , i , 
6. 192 sq ft. 7. 17} cu ft. 

s ; t ii i . i . 

(b) £308 19s. Bd. ; ^646 Os. Id. 



391 



(a) 702 to sig 3 figs, 
(c) 1-34 to 3 sig figs. 
By arithmetic 177-32; 



88-8 lb coppei , 22 ' 1 

i _> i t,i n t i\ei age of 116-3, and must 

I t ] j mne-v is Si m.p.h. Actual speed for 
last stage is 48 m.p.h. 

, 1 „th 17. 5 ft. 

\c) £8 Is. 3d V " iii"i I i i penny over. 

' - , ige speed for 9 laps, 79-1 m.p.h. to 3 sig figs. 
, , HIT In t..tal weight. 
(a) 160 ml; 12-5 gal. (!>) 6 mins. 

11 + s u 11 m l .nth ii h s 11 ,00 ft to 3 sig 

*« s - w._™f«n. ^ 



EXERCISE II 



(3) 1-83 acres. 11. 5-43 sq in. 

(4) 33 02 sq in. 12. 908 sq ft 

s, 1320 sq yd. 13. B = V& 2 + 4DfI. 



>) 4164 sq yd. 
' 71" i 



i) 2(1, +n) i 



EXERCISE IV 



11. 4 - 0-9y - y 2 . 

13. 33 - 1 2a Wla'. 

15. 2R 2 — R — 6. 

17. 35aV - •Mnb.v ] 

21. 225/,.= _ mpq if. 



W - xy - 2y 2 . 
Wp'tf - Vtpqmn 



24. c 



30. 20C _ 
32. 6-25a 2 - 

p c + 4£? - iqc. 

- 12ab - 24«c + 16 



(x»- + 1)(2* - 1). 



(a + 6)(fl + 4). 
(a - 3) (a - 3). 
(» + 2k) (m - 3f 



(3a - 7) (3a + 4). 
(ip - 4)(2£ - 3). 
(3a + 6) (4a + 56). 



8. (R - l) 2 . 

9. (a + 36) (a - 36). 

10. (5* + 7vi;5c - 7;V). 

11. (11* + 4r)(ll:r - 4 



(! + **)(! -i")- 
(i + 2a)(f-2a). 
(12£ + 13 ? )(12*> - i; 
(« + « + »)(«-« - 
- (*> + 9)(3p + ?)• 



t. (R+ 1)(R 2 - R + 1). 



ia(S* - - 2). 
t(l + 2*) (5 - *). 
\m{ix - 5) (4* + 3). 



L W+ b)(a - b) 



1. (1) 9(2* + 3y){2x - 3y). 

(2) (ix - 3;)0(' ■>>■). (3) a6;a - 2)(« - 1). 

2. (1) (7-4 X 13 2 ) + (7-4 X a 2 ) = 7-4(13* + a»). 

(3) 3a 2 + 5a5 - at-= - i'3« 3 + ««6) - {ab + 26«) 

= 3a(a-+ 26) - b(a + 2b) 
= (3a - b)(a + 2d). 

3. Vol 760 cu in. ; wt 200 lb, both to 2 sig figs. 

4. (1) a* + b*. (2) p> + 2p q + g>. (3) gJ- 

5. (1) 2xy. (2) K - A. 6. (1) u + v. (2) r - 



,. (2x+y + 3a-2b)Vx + y-3a- 

(3a + *)(« + 5b - 2c). 
>. (a) (3-v 2)(.r - 3). (6) (4a - 

W (6+3)(a-2). 



(6) (i) (3a + 46) (3a - 46): (i P 2, 7)(.. - 3). 
(c) • - ±1. 

I. (a) (i) + -A); (ii) (a - 2)(6 + e ). 



t. (1) *(D + d)(D - d)(D* + rf 2 ). 

(2) (3m + 5)(2w + 3). 
, 2 20 ®- 



„)2 (6)2 ( 2. 21 . 



12. 2-9. 

13. 1-18. 

14. 3. 




y = J; (6) A = 2f, 



= 4, g = 2, 3. 
= 3, y = J. 



EXERCISE 1 
I. Construction of Formulae 
p. 121. 



II. Evaluation of Formula; 

p. 122. 



III. Changing the Subject of a Formula 
P- 123. _ 

CR + .. 245. 2. (a) f = ^- (b) d = ■ 



0-(i3i, " 



, = j gg.pl, ,.» ■ „. / = ^±^> 2467 person 

J/583TL 
D = V NA" 



p. 126. 

1. Merit best judged by method of approach. 

2. I = 0-1886a6^ 3. 4-6rf 2 / in. to 2 sig figs. 




(d) i = &fg, I = - lrfp 

(b) «#»—*; (iij J 



EXERCISE VII 



EXERCISE VIII 
Section A 

p. 187. 

1. (1) a". (2) 6". (3) x» (4) frfl* (5) 2' = 128. 
(6) 3' = 2187. 

2. (1) o«. (2) c'. (3) jr>«. (4) 2» = 64. 

3. (1) *«. (2) o«. (3) i. (4) x'. 

4. (1) a". (2) x". (3) 166". (4) 2» = 256. 

(5) 10" = 1,000,000. (6) 27a". (7) -fax". (8) 3 s = 19,683. 




1 VS. i, I 1, ^g. 3, 3««, ^64, = 0-001. 

2. (1) fl-666. (2) 27. (3) (4) a 1 '/ 12 . (S) 2-828. 

3. (1) 4. (2) 125. (3) 1000. (4) i = jjIj^. (5) 16. 



(6) A- 
1-190. (5) i 



!. (1) 0-6990, 1-6990, 

(2) 0-6721, 2-6721, 

(3) 1-7226, 0-7226, 

(4) 2-9767, 0-9767, 

(5) 0-7588, 1-9842, 



4-6721. 

2- 7226. 
4-9767. 

3- 8433. 




I. 15-42. 

>. (1-3285. 

!. 0-01529. 

i 0-6116. 

>. 0 03239. 

f. 0 04903. 

i. 0 1600. 

t. 85-23. 



0-3817. 
34-45, 
10-87. 
6-944. 



I: S: 64 X H> 5 . ;/<) fit 28-65; fii) 0-6127 
1-035. (ft) 1.603. ,. 1-23X. («/. I. 
:. (i) 1-676. (ii) 375-9. 
. (a) (i) 195-7; (ii) 19-58. (ft) x = 5J. 
' ' 19-5. (6) 0-194. U) 33-8. (rf) 1-38. 



«», 10 ! , 10 30 
4771, 10»-«»»» 



Ii) 302, 2-512, (c) 2 



17. 516-4. 
(ft) 1-794. 
(ft) 200. 



Angles 
p. 216. 

1. (1) 990°. 

3. 22i°, 56-25°, 

4. ZABE = 45 



IX 



(2) 1500°. (3) 12-32 P.M. 

', /.BED = 135°, ABCD is a trapezium. 

Theorem of Pythagoras 
p. 216. 

5. 23-43 miles. 



7 ft. 



13. 3111 



15. DE = 1-92 in., AE = 2-56 in. 

16. FE = 89-44 yd, AE = 178-88 yd. 

18 BD = 7-96 in-, DC = 4-21 in., AD = 15-02 in 

19. 34-61 sq in. 20. i in. to 1 mile, 

21. 3-69 in., 3-185 sq in. 



Miscellaneous 

22. 2-887 in. 23. 30°, ' 



33. 17-6 sq in., H in. represent 

34. 3-664 in. and 0-836 in.; 1-7 
<!5. p- = 4(X + y)\ « z = 4(* 2 



EXERCISE X 



AC _ CD CQ DQ AD_ 



nABC = ™=™ 



i tan ABC Y = 
k (1) 0-3249. 



(2) 0-6188. 
6. (1) 28° ""' 
(2) 61° 



CB _ Dli ' CD QB CD 
_ CB _ DB _ QD QB _ CD 
' At' ■ Cli " C<". in > All' 



(4) 3-2^ 
:.' 0-M22 
(,li 1-3009. 



p. 247. 

sin ABC = 



AB _ DQ CB CQ _ AD 
AC DB CB _ CD ^ AC' 



AB DB CB _ 



DB CB CD 
cos CAB AC - DQ CD C< 3 AD 



AB DB CB CD " " AC' 



3. Length is 5-14 ii 



>. (1) 0-2521. 

v II) 29= 4S'. 

'. (1) 0-9350. 

( 3") 0-71 til. 



!) 0-7400. 
!) 30° 46'. 
!) 0-4594. 



1. 1-7100 in.; 2-5000 in.; 3-. ".3. 1.", in 

2. 0-9811, (.) ', 1 " »'»-. 1 4176 ; , 

I 

■ -0° 5. 23°. 6. 0-2 in. dia. 

0 ft 3 in. approx. 42 ft per sec to 2 sir tigs. 

(6| 1450 ft. 

;.06in 10. 0-862 in. 11. 1-73 in. to 3 s 
s) 29°; 9-67 ft. (6) (i) 87-1; (ii) 1-1022. 



-. \ ,.,,,,,». 154,000 gal. 
». \C - 220 vd: 190 \ri. 

393-2 sq ft. (2) 27 -i 



)° 31, 60°, 1-42 ft. 



(b) 108° 12', 288° 1 



I. (ii) 18-5 ft to 3 
7 sq ft to 3 sig figs. 



; figs. 



, ;i) 10 
(ui) 4 
!. 12isqm. 
. («) 45 ', 540-. (ft) 121 min past 2. 
12-73 ii i t i • - ligs 
(a) (i) 3 1-42 ft per sec to 4 sig figs; (ii) 
"> 7-13ftptr- ., 1 h s 

n 1") SCO 7(i S in (l 6415 radii 



p. 297. 

1. («) 144 cu i 
i. (a) 190-9 ci 



(6) 184-4 sq 11! 
. (6) 40.72 cu ft 
'•(6) 78-78 sq ft 



in. (b) 12-32 sq in. 

9. 50| cu in. 
I cm. (6) 394-1 sq in. 
(c) 65-45 cu ft. 



p. 295. 

(a) 224-7 sq ir 



EXERCISE XII 



(b) 16-08 sq fi 
3. iwz& sq it. 4. 1026| sq ft. 

6. (a) 42-41 sq in. (b) 6008 cc. 

7. (a) 17-72 cu ft. (6) 2870 cu in 
3. 459-5 lb. 9. 7-78 cm. 

I. 4054 lb. 12. 8-17 cu in. 



: 4-1 2-1 



, ill 12 in. Wu 
8-47 cm; 7-47 cm to 

3. 845 sq. in. to 3 sig fi| 
240.1 ft per hr to I 
1 1 m / 

}. (6) 1570 sq ft. 
(i) 3 : 2. (ii) 9 : 4. 

I. 15-71 cu ft. 

>. (a) V = t(L' - w 2 )- 
6) 60-82%. 

- m--> .-i i U9-5 
i i ; |[>, 30-3 lb. 



(iii) 377 sq in. All to 3 sig figs. 



EXERCISE XIII 

(6) 93s. 9d. °' P ' 

ii) 0-32 in. 5. 0-5 in. 
i. (b) 11 in. (c) 11,520 sq yd. 

1 : 25 : 64. 



15. 2-048 ohms 
19 ISSsT'fc 
EXERCISE XIV 



!. <1) 121- (2) 6, - 



3, 3-13. 22. 15-2 t-ns. 
EXERCISE XV 



p. 354. 

3. - 9, 2. 



21. 1-43, 0-23. 

23. 1-744. - 0-344. 

1 ' - 1-732 
27. 1314, - 114. 
29. 6-53, - 1-53. . 



20. 1,^ 5j.^' 
9, 0-314. 
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